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Abstract. We introduce a method that allows the evaluation of general expressions for the spectral func-
tions of the one-dimensional Hubbard model for all values of the on-site electronic repulsion U. The spectral
weights are expressed in terms of pseudofermion operators such that the spectral functions can be writ-
ten as a convolution of pseudofermion dynamical correlation functions. Our results are valid for all finite
energy and momentum values and are used elsewhere in the study of the unusual finite-energy properties
of quasi-one-dimensional compounds and the new quantum systems of ultra-cold fermionic atoms on an

optical lattice.

PACS. 71.10.Fd Lattice fermion models (Hubbard model, etc.) — 71.27.+a Strongly correlated electron

systems; heavy fermions

1 Introduction

The main goal of this paper is to provide a general
method for the evaluation of matrix elements of one-,
two-electron, or N-electron operators such that A is fi-
nite, between the ground state and excited energy eigen-
states of the one-dimensional (1D) Hubbard model. Our
results correspond to an important part of the derivation
of the one-electron and two-electron spectral-weight distri-
butions used in references [1,2] in the study of the phase
diagram and unusual one-electron spectral properties of
quasi-1D compounds. Indeed, the matrix-element and gen-
eral spectral-function expressions derived here are used
in reference [3] in the evaluation of closed-form expres-
sions for the finite-energy one-electron and two-electron
spectral-weight distributions of the model metallic phase.
The studies of reference [4] confirm that such expressions
lead to the known correct results in the limit of low en-
ergy. The 1D Hubbard model is one of the few realistic
models for which one can exactly calculate all the energy
eigenstates and their energies [5,6]. In addition to the ap-
plications to the study of the unusual properties of the
quasi-1D compounds presented in references [1,2], our re-
sults are also of interest for the understanding of the spec-
tral properties of the new quantum systems described by
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ultra-cold fermionic atoms in optical lattices with on-site
repulsion [7].

The electron—rotated-electron unitary transforma-
tion [8] introduced in reference [9] for all values of the
on-site repulsion U and the pseudofermion scattering the-
ory considered in reference [10] play a central role in the
construction of the pseudofermion dynamical theory intro-
duced here. The studies of reference [11] reveal that there
is no inconsistency between such a scattering theory and
that corresponding to the conventional spinon-holon rep-
resentation of reference [12]. For finite values of U very
little is known about the finite-energy spectral properties
of the model. This is in contrast to simpler models [13].
Unfortunately, combination of the model Bethe-ansatz so-
lution [5,6] with bosonization, conformal-field theory, or
g-ology and Renormalization Group [14,15] only allows
the derivation of low-energy correlation-function expres-
sions. In the limit of infinite U the spectral functions can
be evaluated by the method presented in reference [16]
and there are recent numerical results for finite values of
U [17], but it is difficult to extract from them information
about the microscopic processes that control the unusual
spectral properties of the model.

The paper is organized as follows: In Section 2 we
introduce the model and the spectral-function problem
and summarize the pseudofermion operational description
used in our study. In Section 3 we write the general spec-
tral functions in terms of rotated-electron operators. The
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description of the rotated-electron elementary processes
in terms of pseudofermion operators is the problem ad-
dressed in Section 4. In Section 5 we express the spectral
functions as a convolution of pseudofermion spectral func-
tions and study the pseudofermion determinants involved
in the expressions of these functions. Finally, the conclud-
ing remarks are presented in Section 6.

2 The model, the spectral functions,
and the pseudofermion description

In a chemical potential ¢ and magnetic field H the 1D
Hubbard Hamiltonian can be written as,

H= Hso<4) + Z fa S

a=c, s

Hsow) = —tz YooY e
j=1o0=1,] 6=—1,+1
+U Zn], —1/2)[7y, —1/2. (1)

Here the operators c}L » and ¢; , are the spin-projection

o electronic creation and annihilation operators at site
jand i 5 = cj-’gcw7 where j = 1,2,..., N;,. The num-
ber of lattice sites N, is even and very large. We con-
sider periodic boundary conditions. In the first expression
of equation (1), p. = 2u, pus = 2uoH, po is the Bohr
magneton, and the diagonal generators of the n-spin and
spin SU(2) algebras [18,19] §¢ and S, respectively, are
given in equation (2) of reference [9]. The Hamiltonian
H so) of equation (1) commutes with the six genera-
tors of these two algebras, their off-diagonal generators
being given in equations (7) and (8), respectively, of refer-
ence [9]. The electron number operator reads N = Yoo N,
where N, = Z;V:”l 7, ». For simplicity, we use units
such that the Planck constant and electronic lattice con-
stant are one. The model (1) describes Ny spin-up elec-
trons and N| spin-down electrons in a chain of NN, sites,
whose length in the units used here reads L = N,. We
introduce the Fermi momenta which, in the thermody-
namic limit L — oo, are given by +kp, = *7n, and
tkp = xlkpr + kr]/2 = £mn/2, where n, = N,/L
and n = N/L. The electronic density can be written as
n = nqy +n| and the spin density is given by m = ny —n;.
We denote the n-spin value n and projection 7. (and spin
value S and projection S,) of an energy eigenstate by S,
and S? (and Sy and S?), respectively. The momentum
operator reads,

=Y Y ek
o=1,1 k
and commutes with the Hamiltonians given in equa-

tion (1). The spin-projection ¢ momentum distribution
operator appearing in equation (2) is given by N, (k) =

o Z/ dk N, (k) k, (2)

o=1,1 77
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C;UCk,a- Here cL’U and ¢y, , are the spin-projection o

electron creation and annihilation operators of momen-
tum k. These operators are related to the above local op-
erators as follows,

1 Qe
el = etikia o
b
k,o /_Na = J,0
Na
Ch,o = —F— e "M . (3)
VN, =

The Bethe-ansatz solvability of the 1D Hubbard model
is restricted to the Hilbert subspace spanned by regular
states, i.e. the lowest-weight states (LWSs) of the 7-spin
and spin algebras such that S, = —S¢, where a = ¢, s [9].
For simplicity, in this paper we restrict our considerations
to values of the electronic density n and spin density m
such that 0 < n <1 and 0 < m < n, respectively. Often
our expressions are different for the n = 1 Mott-Hubbard
insulator phase and 0 < n < 1 metallic phase (and for m =
0 zero spin density and 0 < m < n finite spin densities).

The main aim of this paper is the evaluation of expres-
sions for finite-w A/-electron spectral functions B, (k, w),
such that [ = £1, of the general form,

Bl (k, ) = §j|ﬂoN GS)6(w — s — Eas]);

lw>0; 1==1, (4)

where the operators in the matrix elements are such that,
= Ol (k); Oy (k) = On (k). (5)

Here the f summation runs over the excited energy eigen-
states, the energies Ef correspond to these states, Egg
is the ground-state energy, and we use a momentum ex-
tended scheme such that k& € (—oo, +00). The opera-
tors Oj\/(k) and Opr(k) carry momentum k and are de-
noted in equation (5) by ON( ) where [ = +1 and
Il = -1, respectlvely They are related to the local op-
erators ON = ON j and ON i= ON i respectively, by
a Fourier transform. .

The local operators Oj\/y ; can be written as a prod-

uct of
N = Z '/V.llc,lﬁ,

le,lo==%1

O3 (k)

[ ==+, (6)

local electronic creation and annihilation operators. Here
Mlc, ;, 1s the number of local electronic creation and an-
nihilation operators of the operator ON for I,

and [. = +1, respectively, and with spin down and spin
up for Iy = —1 and l; = +1, respectively. It is as-
sumed that the ratio N /Na vanishes in the thermody-

namic limit. Note that, by construction, N, +15 and N _1
are such that ./\/"|r1 =N N L 2N a d

115 < +1l For N > 1 the operator ON_] has
a well defined local structure involving the N_; ;. elec-
tronic creation operators of spin projection I /2 and
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N _li_l,lg electronic annihilation operators of spin projec-
tion [, /2 located in neighboring lattice sites. The more
usual cases for the description of experimental studies cor-
respond to A" = 1 and N' = 2. Examples of N-electron
operators O (k) = OAX/I (k) are the one-electron opera-
tor O1(k) = ¢k, o (measured in the angle-resolved photo-
electron spectroscopy), the spin-projection o density op-
erator O3%4(k) = ﬁZk' c}i+k,7ack/,(,, the transverse

spin-density operator O3 (k) = # Dok C£+k’ oYY

the on-site s-wave singlet superconductivity opera-
tor O%%°(k) = ﬁ >k Ch—k,1Ckr, |, and the spin-
projection o triplet superconductivity operator O3 (k) =
\/LNT > w €0s(k") ck—i, oCrr, . The corresponding local op-

Al A A _ Aosd _ T
erators Oy, ; = On,j are O1,j = ¢j0, O3% = ¢; ,¢j0,

J
Asdw _ T . Noss __ .. . Aots _ .. .
02,]' = ¢ 165, 1 02,]' = ¢j,1¢4, |, and 02,]' = Cj,0Cj+1,0)

respectively. The charge density operator (measured in
density-density electron energy loss spectroscopy and in-
elastic X-ray scattering) is written in terms of the above
spin-up and spin-down density operators. The operators
Oj\/(k) of physical interest, correspond in general to oper-
ators Oj\/ ; whose N elementary electronic operators cre-
ate or annihilate electrons in a compact domain of lat-

tice sites. For instance, if OAQHJ = lc;_H 1 and thus

O;E = Cj4i,1Cj, |, the interesting cases correspond to
i = 0 (on-site s-wave singlet superconductivity) and ¢ = 1
(extended s-wave singlet superconductivity).

The k dependence of the spectral functions (4) can be
transferred from the N -electron operators Oj\/(k) to the
excited energy eigenstates as follows,

Bly(k, w) = 3 Nal(f| O o|GS) 6 (w — U[E;
f

- EGS]) Ok, Ulks —kasi

lw>0;, I==%1. (7)
Here, 05\/70 is the j = 0 local operator Oj\/ ; considered
above, ky is the momentum of the excited energy eigen-
states, and kgg denotes the ground-state momentum. In
this expression, we have chosen j = 0 for the local opera-
tor OAj\/ e Due to translational invariance, the value of the
functions (7) is independent of this special choice.

Let us summarize the basic information about the
holon, spinon, pseudoparticle, and pseudofermion de-
scriptions needed for our studies. (For further informa-
tion, see Refs. [3,4,9,20,21].) These studies involve the
electron—rotated-electron unitary transformation, such
that rotated-electron double occupancy is a good quan-
tum number for all U/t values [9]. As the Fermi-liquid
quasiparticles, the rotated electrons have the same charge
and spin as the electrons, but refer to all energies and re-
organize in terms of [N, — N.] 7-spin 1/2 holons, N, spin
1/2 spinons, and N, spinless and 7-spinless ¢ pseudopar-
ticles, where N, is the number of rotated-electron singly
occupied sites [9]. We use the notation +1/2 holons and
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+1/2 spinons, which refers to the 7-spin and spin projec-
tions, respectively. The +1/2 holons of charge +2e cor-
respond to rotated-electron unoccupied (+) and doubly-
occupied (—) sites. The complex behavior occurs for the
spin-projection o-rotated electrons occupying singly occu-
pied sites: their spin degrees of freedom originate charge-
less spin-projection o spinons, whereas their charge part
gives rise to 7-spinless and spinless ¢ pseudoparticles of
charge —e.

Based on symmetry considerations, we can classify
the £1/2 holons and £1/2 spinons into two classes:
those which remain invariant under the electron-rotated-
electron unitary transformation, and those which do not.
The former are called independent +1/2 holons and in-
dependent +1/2 spinons. For instance, the +1/2 Yang
holons and +1/2 HL spinons [3,9,20,21] with numbers
reading Lc,i1/2 = [S. ¥ 5%] and Ls,i1/2 = [Ss F 57,
respectively, belong to the former group of holons and
spinons. The latter are part of n-spin-zero 2v-holon com-
posite cv pseudoparticles and spin-zero 2v-spinon com-
posite sv pseudoparticles, respectively, where v = 1,2, ...
is the number of +1/2 and —1/2 holon or +1/2 and
—1/2 spinon pairs. Thus, the total number of £1/2 holons
(o = ¢) and £1/2 spinons (a = s) reads My +1/2 =
La7i1/2 + 23021 v Ngy, where N,, denotes the number
of composite ar pseudoparticles. The total number of
holons (o = ¢) and spinons (a = s) is then given by
My = Lo +2Y,2, v Ny, where L, = 25, denotes the
total number of Yang holons (o« = ¢) and HL spinons
(o = s). These numbers are such that M. = [N, — N,|
and My = N.. The pseudoparticles can be defined in
terms of bare-momentum or spatial coordinates [9]. In ad-
dition to the Yang holons and HL spinons, also the holons
and spinons associated with ar # c0, sl pseudoparticles
of limiting bare-momentum values +q,, are independent
holons and spinons. (¢q. is given in Eq. (B.14) of Ref. [9].)
Indeed, the invariance under the electron-rotated-electron
unitary transformation of such cv pseudoparticles (and sv
pseudoparticles) implies that they separate into 2v inde-
pendent holons (and 2v independent spinons) and a cv
(and sv) FP current scattering center [10]. (These cen-
ters are defined in the second paper of Ref. [10].) The
emergence of the exotic quantum phases of matter con-
sidered in our study involves a second unitary transfor-
mation, which maps the ¢ pseudoparticles (and composite
av pseudoparticles) onto ¢ pseudofermions (and composite
av pseudofermions) [3]. Such a transformation introduces
shifts of order 1/L in the pseudoparticle discrete momen-
tum values and leaves all other pseudoparticle properties
invariant. Here we use the designation c0 pseudoparticle
and pseudofermion for the ¢ pseudoparticle and pseud-
ofermion, respectively. Thus, the cv and sv branches are
such that v =0,1,2,... and v = 1,2, ..., respectively.

The local av pseudofermion creation (and annihila-
tion) operator f;{j,w (and fz, av) creates (and annihi-
lates) a aw pseudofermion at the effective av lattice site
of spatial coordinate x; = j al,.Herej =1,2,..., N, and
al, = L/N?, = N,/N, is the effective av lattice con-
stant introduced in reference [20] in units of the electronic
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lattice constant. The general expression of the number of
effective av lattice sites N7, is given in equation (B6) of
reference [9], where the number of av pseudofermion holes
N!, is provided in equation (B.11) of the same reference.
(The number of pseudofermion and pseudofermion holes
equals that of the corresponding pseudoparticle and pseu-

doparticle holes [3,20].) The operator f;jyau (and fz;, av)

is related to the operator fgj, av (and fg; o), which refers
to av pseudofermions of canonical-momentum g;, by a
Fourier transform. The discrete canonical-momentum val-
ues of the av pseudofermions have a functional character
and read [3,10],

Gj = 4 + Qau(4)/ L = [2n/ LI} + Q3 (4)/ L
j=1,2,.. N*

o (8)
where ¢; = [2m$V]/L [9] is the bare-momentum carried by
the av pseudoparticles. Here I7* are the actual quantum
numbers provided by the Bethe-ansatz solution [9]. Al-
though the av pseudoparticles carry bare-momentum g;,
one can also label the corresponding ar pseudofermions
by such a bare-momentum. When one refers to the pseud-
ofermion bare-momentum g;, one means that ¢; is the
bare-momentum value that corresponds to the canonical
momentum ¢; = ¢; +Q%,(g;)/L. Here and in equation (8)

® (g;)/2 is a av pseudofermion overall scattering phase
shift given by [10],

N*IV/
2(@)/2=7Y Y Pav,an (4 7) ANarwr (g57);
a'v j'=1
j=1,2,..,N*,, 9)

where ANq,(q;) = ANy (g;) is the distribution func-
tion deviation AN,y (g;) = Naw(gj) — N2, (g;). The
canonical-momentum distribution function N, (g;) (and
bare-momentum distribution function N,,(g;)) is given
by Nav(q;) = 1 and Now(g;) = 0 (and Nao(gj) =
1 and Na,(g;) = 0) for pseudofermions and pseud-
ofermion holes (and pseudoparticles and pseudoparticle
holes), respectively [3]. The ground-state densely-packed
bare-momentum distribution function N2, (g;) is defined
in equations (C.1)—(C.3) of reference [9]. The av # c0, sl
pseudofermion limiting canonical-momentum values play
an important role in the theory and read,

Goy = Gav + Q0 (dar) /i av # 0,51, (10)
where ¢¥, is the ground-state limiting bare-momentum
value given in equations (C.13) and (C.14) of refer-
ence [9] and ¢, the excited-energy-eigenstate limiting
bare-momentum value provided in equation (B.14) of the
same reference. In contrast to the ar pseudoparticles,
the av pseudofermions have no residual-interaction en-
ergy terms [3]. Instead, under the ground-state—excited-
energy-eigenstate transitions the av pseudofermions and
av pseudofermion holes undergo elementary scattering
events with the o/v/ pseudofermions and o't/ pseud-
ofermion holes created in these transitions [10]. This
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leads to the elementary two-pseudofermion phase shifts
TDPav, 0 (q5,q ;) on the right-hand side of the overall
scattering phase shift (9), which are defined by a set of in-
tegral equations [3,10,20]. The overall ar pseudofermion
or hole phase shift,

QCW(qj)/Q = gu/2+in(qj)/2’ (11)

plays an important role in the pseudofermion the-
ory [3,10]. Here Q%,/2 can have the values QY, /2 =
0, £7/2 [3,10].

The pseudofermion description refers to a Hilbert
subspace called pseudofermion subspace (PS) where the
N-electron excitations are contained [3,10]. The PS is
spanned by the initial ground state and the excited en-
ergy eigenstates generated from it by the following types
of processes (A)—(C), which are defined in more detail in
references [3,20]: (A) finite-energy and finite-momentum
elementary c0 and sl pseudofermion processes plus cre-
ation of av # c0, sl pseudofermions with bare-momentum
values ¢ # +qau; (B) zero-energy and finite-momentum
processes that change the number of ¢0 and sl pseud-
ofermions at their Fermi points, which for the ground state
and L — oo read,

(12)

QFeo = 2kr; Qg1 = kpy,

plus creation of independent —1/2 holons and/or —1/2
spinons; and (C) low-energy and small-momentum ele-
mentary c0 and sl pseudofermion particle-hole processes
in the vicinity of the Fermi points. The PS contains
subspaces of several CPHS ensemble subspaces. (Here
CPHS stands for ¢0 pseudofermion, holon, and spinon.) A
CPHS ensemble subspace is spanned by all energy eigen-
states with fixed values for the —1/2 Yang holon num-
ber L. _1/2, —1/2 HL spinon number L, _; /2, c0 pseud-
ofermion number Ny, and for the sets of composite av
pseudofermion numbers {N.,} and {Ny,} corresponding
to the v = 1,2, ... branches.

The pseudofermion bare-momentum dependent energy
dispersions €.0(q), €s1(q), € (q) = 2vp + €9, (q) for v > 0,
and €, (q) = 2vpoH + €2,(q) for v > 1, where u = u(n)
and H = H(m) correspond to the density and magne-
tization curves, respectively, are defined and studied in
references [3,9,21]. Such energy dispersions play a crucial
role in the expressions of the N-electron spectral func-
tions. For m = 0, the energy 2u is an increasing function
of U and a decreasing function of the density n with the
following limiting values,

2u = 4tcos(mna/2), U/t — 0;
U + 4t cos(mna), U/t — oo;
U+4t, n—0;
EMH; n — ]_, (13)

where Fjrg is the half-filling Mott-Hubbard gap [5].

The evaluation of matrix elements between energy
eigenstates considered in Section 5 involves pseudofermion
operators f% av and fg op such that the canonical mo-
mentum values ¢ and ¢ = ¢’ correspond to an excited-
energy-eigenstate and initial ground-state CPHS ensemble
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subspaces, respectively. In that case the unusual pseud-
ofermion anticommutation relations read [3,10],

e~ #@—4")/2

1
{f%CW’ fQ’,O/V’} = 5011/,0/1/’ N

av

sin (Qw,(q)/2)
sin([g — ¢']/2)

and {f] oo f1 0} = {fa.av fr.arr} = 0.

« ¢'Qav(9)/2 (14)

3 Spectral functions in terms
of rotated-electron operators

Here we express the general N-electron spectral func-
tions (7) in terms of rotated-electron creation and annihi-
lation operators and evaluate the spectral-weight contri-
butions from the Yang holons and HL spinons. Our first
goal is identifying the set of CPHS ensemble subspaces
which are spanned by the excited energy eigenstates gen-
erated by application onto the initial ground state of the
operator 05\/70 of equation (7). For clarification of this
problem, we must find the set of deviation numbers AN,
ANgi, {ALqy, —1/2}, and {ANg, } for av # c0, s1 that are
generated by application onto the ground state of that
operator. According to the results of references [3,9], for
the ground state M. _y/2 = Lo, —1/2 = Naw = 0 for the
av # c0, s1 branches and thus AM. /5 = M. _1/2,
ALy, —172 = Lo, —1/2, and AN,y = Ny, for the latter
branches.

First, we note that the values of the +1/2 holon and
+1/2 spinon number deviations are such that,

AMc,+1/2 = —ANg — Mc,71/2;
AMS,+1/2 = ANy — AMS, —1/25 (15)
and thus are dependent on the values of the —1/2 holon
and —1/2 spinon numbers and ¢0 pseudofermion number
deviations. Also the occupancy configurations of the —1/2
holons and —1/2 spinons determine those of the +1/2
holons and +1/2 spinons. Indeed, the —1/2 holons and
+1/2 holons correspond to the rotated-electron doubly-
occupied sites and unoccupied sites, respectively, of a
charge sequence. The point is that the spatial position
of the unoccupied sites corresponds to the sites left over
by the rotated-electron doubly occupied sites of a charge
sequence. The same applies to the —1/2 spinons and +1/2
spinons, provided that we replace the rotated-electron
doubly-occupied sites and unoccupied sites by sites singly
occupied by spin-down and spin-up rotated electrons, re-
spectively, and the charge sequence by the spin sequence.
Moreover, the values of the corresponding +1/2 Yang
holon and +1/2 HL spinon number deviations read,

ALC7+1/2 =—ANy — 2ZVNCV - Lc,—1/27

v=1

(16)
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and

AL, 41/ = ANeg—2ANq =2 v Ne =Ly _1)2, (17)

v=2

respectively, and thus are not independent. One does not
need to provide these values in order to specify a CPHS
ensemble subspace. Therefore, often we do not consider
in the expressions below the values of the holon numbers
M, 412 and L. 41,2 and of the spinon numbers M, /o
and Ls, +1/2-

The values of the deviations ANy and AN, specific
to a given N-electron operator, lead to sum rules for the
values of the number deviations of pseudofermions, —1/2
Yang holons, and —1/2 HL spinons as follows,

AN = ANy + 2L 172+ 2 Y v N,

v=1

(18)
and

(oo}
A(Ny = Ny) =2ANg — ANeo + 2L, 12 +2> v N,
v=2
(19)
Only transitions to excited energy eigenstates associated
with deviations obeying the sum rules (18) and (19) are
permitted. The same deviations are associated with sum
rules obeyed by the numbers ./\/llm 1, of equation (6) for the
operator OAj\/ ; appearing in the general spectral-function
expressions of equation (7). Such sum rules read,

AN = Z (_lc)'/\/'llc,ls;
le,ls=%1

A(Nl - NT) = Z (Zc ls)j\/'llc,ls'

le, ly==1

(20)

Furthermore, it is straightforward to show that the fol-
lowing selection rule is valid for initial ground states cor-
responding to the density values considered in this paper:
the values of the numbers of —1/2 Yang holons and —1/2
HL spinons generated by application onto the ground state
of the N-electron operator OAj\/ It equation (7 ), are re-
stricted to the following ranges,

Lc,,1/2:0,172,.. Z lel,ls;

*)
ls==1
l .
Ls,—1/2 =0,1,2,..., E 6lc,l5-/\/.lcylsa

Loy lo==%1
[ =+1, (21)
respectively. Here the numbers ./\/llm ;. are those of equa-
tion (6) specific to that operator.

Further selection rules in terms of the rotated-electron
expressions for the operator Oj\/y o of the general spectral-
function (7) are given in the ensuing section.

Let us label the excited energy eigenstates of the
state summations of the general A -electron spectral func-
tion (7) according to their CPHS ensemble subspace.
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(We recall that all excited energy eigenstates belonging to
a given CPHS ensemble subspace have the same values for
the set of deviation numbers AN,y and AN,; and numbers
{Lqa,—1/2} for a = ¢, 5, and {Ny,} for the av # c0, sl
branches.) This procedure leads to the following expres-
sion for the spectral function (7),

3 > Nal(f; C| O o|GS)?
{ANav}, {La, —1/2} f

X 5(w - lAEcphs> Ok, 1Ak lw >0, (22)

B.l/\f(ka w) -

where [ = £1 and the summation Z{ANM} (La. _y)2) TUDS

over the CPHS ensemble subspaces whose deviation val-
ues obey the sum rules (18) and (19) and selection rules
(21). Moreover, the summation ) ; runs over the excited
energy eigenstates |f; C) of a given CPHS ensemble sub-
space, AEpps is the excitation energy, and Ak.pp s the cor-
responding excitation momentum. A general energy eigen-
state | f) with finite values for the numbers L. _; /5 and/or
L, _1/2, can be expressed as follows,

T R (23)
B a=c, S Ca - .
Here,
Ly, —1)2
Co=00, 1o+ [ U[Lat+1-1];
1=
La, —1/2 <Ly= 2Saa (24)

and the n-spin flip Yang holon (o = ¢) and spin flip HL
spinon («a = s) operators SL are the off-diagonal genera-
tors of the corresponding SU(2) algebras given in equa-
tions (7) and (8), respectively, of reference [9]. These oper-
ators remain invariant under the electron-rotated-electron
unitary transformation and thus have the same expres-
sion in terms of electronic and rotated-electron creation
and annihilation operators. Moreover, in equation (23)
|f.L) is the LWS that corresponds to the state |f). For a
state |f ; C') belonging to a given CPHS ensemble subspace
the corresponding LWS is denoted by |f.L; C'). However,
note that a non-LWS |f; C) and the corresponding LWS
|f.L;C) belong to different CPHSs, once they correspond
to different values of the numbers L. _;/, and/or Ly _y 5.
It is useful to reexpress the spectral-function expres-
sion (22) in terms of matrix elements between regular
states only. The ground state is a LWS of both the 7-
spin and spin SU(2) algebras and thus has the following

property,
S’a |GS> =0 (25)

Let us introduce the operators éj\/ ; and éj\/ « such that,

(rel 1

a=c, s

a=c, s.

1 n A
T (St 2 0l 5168 =

{ II \/1C—J (f.L; C|6 ,|GS),

a=c, s
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(f.L; C| H r Sa)te =12 Ol ()| GS) =

[H \/?} (f.L; C|Ok |GS);  1=+1. (26)

By suitable use of equation (25), it is straightforward to

show that the operators éj\/ ~and 6, v,k are given by the

following commutators,

Ol = [ IT (Sa)te -, Oﬁ\/,j}v

a=c, s
Ok = [ H (Sa)be e, Oﬁ\/k} ;
L _1/2 and/or Lg /9 >0; 1==%1,(27)
or by,
éj\/,jzoj\/,j§ @Aj\/,kzéj\/7k7
Le, 1j2=1Ls 12=0; ==l (28)
Thus,
1
B (k, w) = 3 ( 11 c_)
{ANa@ Y}, {Lo, 172} a=c,s @
< 3" NJ(f.L: C| 6y olGS)?
!

x 6(w - AEcphs) Ok Akoype; 1= 1.(29)

Note that when the operator @Aj\/,o is given by equa-
tion (28) one has that |f.L; C) = |f; C) in equation (29).
If the commutator [[[,_.. (Sg) Lo 172 ON ;] of equa-
tion (27) vanishes, then the excitation generated by ap-

plication of the corresponding operator ON onto the
ground state has no overlap with the excited energy eigen-
state (23).

Similarly to ON the corresponding operator 9/\/
can be written as a ./\/ -electron operator. Let the num—
bers J\flmls of equation (6) refer to the operator ON,j
of the spectral-function expression of equation (7). Then
we call ./\_/'llmls the corresponding electronic numbers
of the operator @5\/ ; of the spectral-function expres-
sion of equatlon (29). The Values are such that N' =

Zlc, lo==%1 L,l = ch, g_ﬂ ,ls and,

Z Nil ls Z Nlﬂ,ls :|:2Lc,—1/2;

l=%1 l=t1

ol | ,

Z O, 21 N1, = Z Oty 1. N1, F 2L, —1/23
Loy la=t1 Lo, li=t1

[ =1, (30)

These relations provide information about the numbers
of electronic creation and annihilation operators of the

N-electron operator éj\/ ; expression relative to the cor-

responding numbers of the OAj\/ ; expression. While the
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number of electronic creation (and annihilation) opera-
tors decreases (and increases) by 2L, _i/, the number
of electronic spin-down creation and spin-up annihilation
(and spin-down annihilation and spin-up creation) opera-
tors decreases (and increases) by 2L, _q/o.

We note that the numbers N , of equation (6) for

the operator OAj\/ ; on the right-hand-side of equation (27)
obey the sum rules (20). Thus, following the relations of
equation (30), the numbers Mlc,lg of the corresponding

operator (:)j\/j are such that,

ALc=2ASe = —-AN+2L. _1p= Y ()N 1
le,ls==%£1

ALy =2AS, = ANy — N|) + 2L, 1/

= > ()N,

le,ly=%1

(31)

The first relation of equation (20) just states that the
difference in the number of electronic creation and an-
nihilation operators of the original A-electron operator
OAj\/ ; equals the value AN of the electron number devi-
ation generated by such an operator. Similarly, the first
relation of equation (31) states that the difference in the
number of rotated-electron annihilation and creation op-
erators of 6} v, j equals twice the value AS, = An of the 7-
spin value dev1at10n generated by that N -rotated-electron
operator. Similar considerations apply to the second rela-
tions of equations (20) and (31).

We emphasize that all matrix elements of the general
spectral-function expression (29) refer to regular energy
eigenstates. Indeed, by changing from the spectral func-
tion representation (7) to (29) we have eliminated the ex-
plicit presence of —1/2 Yang holons and —1/2 HL spinons.
This was done by evaluation of the contribution of these
quantum objects to the N -electron spectral weight. Such a
procedure corresponds to the computation of the commu-
tator [[,—.. L(Sg)le 172, Oj\/j] on the right-hand side of
equation (27).

Our next step is the expression of the operator éj\/ j
for the general spectral-function expression (29) in terms
of rotated-electron creation and annihilation operators.
Here we use the results of references [3,9,20] concerning
the expression of the rotated electrons in terms of +1/2
holons, £1/2 spinons, and ¢0 pseudofermions. It is this
direct relation that makes convenient the rotated-electron
expression for the N-electron spectral functions. The ex-
pression of the local A -electron operator 6l v, ; in terms
of rotated-electron creation and annihilation operators is
obtained by use of the following relation,

; §5 -5 _ 45 15
O =€ O, ;¢ :%,ﬁZﬂ%,j;
=1
j=1,2,...,Ny: =41 (32)

Here S is the operator defined by equations (21)-(23) of

reference [9] and O/ N, ; has the same expression in terms
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of rotated-electron creation and annihilation operators as
Ql . in terms of electronic creation and annihilation op-
erators and thus My = N. It is given by,

Bl , = ViU Ol , V(U/t) =5 DL, €%,
j:1ﬂ27"'7Na; | = +1.

The operators éj\/l ; on the right-hand side of equa-
tion (32) such that ¢ = 1,2, ... can be written as a product
of N; rotated-electron creation and annihilation operators
and the value of the coefficient cﬁ is a function of n, m,
and U/t such that ¢! — 0 as U/t — oco. For instance, for
i =1 and i = 2 we find,

\/:géj\/l,j:[s,é},m]; j=1,2,..,Ng; 1==1,
(33)
and
- 1 . . -
\/:l29.l/\f2,j:§[sv [Sv Qj\fo,j” ]*1 2 Naa
[ =41, (34)

respectively, and the ¢ > 2 operator terms are easily gener-
ated and involve similar commutators. For simplicity, here
we omit the longer expressions of the latter terms.

It is useful for the study of the spectral-function ex-
pressions to divide each CPHS ensemble subspace in a set
of well-defined subspaces. The number deviation AN, for
the av = ¢0, s1 branches and the number N,, = AN,
for the ar # c0, sl branches can be expressed in terms of
other related numbers as follows,

AN,, = ANF + AN;VUF ;

ANL, = ANE, ., + ANZL,
2AJE, = ANE, .| — ANE,
AN, = ANZS, +1Q), /2m;

ANGF = ANSF |+ ANSF | = ANE,;

av =c0, s1 = =1,
Noyw = NE, + NJT

av

No}; Nau +1+Nau 71,
2JF 51/ +1 NaFl/,—l;
av # 0, sl. (35)

Here ANW 41 is the deviation in the number of av =
0, s1 pseudofermlons at the right (+1) and left right
(—=1) Fermi points, ANL, and AJL, are the correspond-
ing number and current number deviations, respectively,
and ANXNF gives the deviation in the number of av =
c0, sl pseudofermions away from these points. Moreover,
ANOV 1, is the actual number of ar pseudofermions
created or annihilated at the right (+1) and left right
(—=1) Fermi points and QY,/2 is the scatter-less phase
shift on the right-hand side of equation (11). For the
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av # 0, sl branches, NI

av,. 15 the number of av pseud—
ofermions with limiting bare-momentum value ¢ = ¢¢%,
such that ¢ = &1, JZ is the corresponding current num-
ber, and NV is the number of av pseudofermions whose
bare—momentum values obey the inequality |q| < ¢, .

Let us also consider the number NPANE of finite-
momentum and finite-energy av pseudofermion particle-
hole processes (A), which refers to the av = c0, sl
branches only [3]. NPANF is zero or a positive integer
such that NPANE = [N, — |[ANNF|]/2. Here N, gives
the number of av pseudofermion creation and annihilation
operators involved in the expression of the generators of
the elementary processes (A).

The J-CPHS ensemble subspaces are the subspaces of
a CPHS ensemble subspace spanned by the excited en-
ergy eigenstates with the same values for the numbers
NcpglNF NthF ANC() +1a ANF —1» ANSFl +1» ANSFl -1
and sets of numbers {N;, +1} and {Nf, ,} for the
av # c0, sl branches with finite pseudofermion occupancy
in the CPHS ensemble subspace.

Use of equation (32) for j = 0 in the general spectral-
function expression (29) leads to,

B.l/\f(ka w) =
>c > > Bk, w)};
=0 {ANav}ALa, —1/2} {NELNFY{ANE, }ANE, }

ch=1, 1==1, (36)

where the  summations and

2 {ANwWY (Lo, —1/2)

Z{NthF} (ANE, ). {NF, 3 Tun over CPHS ensemble
subspaces and the corresponding J-CPHS ensemble sub-
spaces of each of these spaces, respectively. The function

BY(k, w) on the right-hand side of equation (36) reads,

BYi(k, w) = ( H
a=c, s
x 5( w—IAE;_ CM&) Ok, LAK; — cpns’

l==+1; i=0,1,2,..,

1 . o)l 2
=) 2 Nal(f L3 JC18h, of6S)

(37)

where the summation ) s runs over the excited energy
eigenstates |f.L; JC) which span each J-CPHS ensemble
subspace. Thus, there is a function B (k, w) for each of
these subspaces. (We recall that |f.L; JC) is the LWS of
a state | f; JC) related to it by the general Eq. (23).)
Finally, let us use a notation for the number of spin-
down and spin-up rotated-electron creation and annihi-
lation operators of the operator 9/\/ . such that ¢ =
0,1,2,... similar to that associated Wlth the numbers
J(/llc, . of equation (30). Thus, we introduce the numbers,

VI
> Nl

lo,lo==%1

l=+1; i=0,1,2..., (38)

which refer to the operator éj\f e Here ./\_/llf ;. 1s the num-
ber of rotated-electron creation and annihilation operators
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for . = —1 and [, = +1, respectively, and with spin down
and spin up for Iy = —1 and Iy = +1, respectively. The
operator 6, Ny, ; of equation (32) has the same four rotated-

electron numbers {'A[IL ls} = {N] .} as the corresponding

operator éﬁ\/ ; In terms of electrons.

4 Rotated-electron sum rules, selection rules,
and elementary processes in terms
of pseudofermion operators

In this section we provide sum rules and selection rules
which for the PS arise from the direct relation between
rotated electrons and the holons, spinons, and pseud-
ofermions. Furthermore, we use such a relation to express
the elementary rotated-electron processes in terms of the
pseudofermion creation and annihilation operators.

An important symmetry is that all six generators of
the 7-spin and spin SU(2) algebras are invariant under
the electron-rotated-electron unitary transformation [9].
Thus, the number of spin-projection ¢ electrons equals the
number of spin-projection o rotated electrons. This also
applies to the deviations AS. and AS; in the n-spin and
spin values, respectively, generated by application onto
the ground state of a N -electron operator This symmetry
implies that all i = 0, 1,2, ... operators O v, j on the right-
hand side of equation (32) generate the same deviations

AS. and AS;, as the operator éﬁ\/] on the left-hand side

of the same equation. It follows that the values ./\_/'llf , for
all these i = 0,1, 2, ... operators with the same value of
[ = +£1 obey the following sum rules,

ALe =2AS; = —AN+2L. 1= Y () N7} ;
le,ls=*%1
AL, =2AS, = A(NT - Nl) + 2L57,1/2 =
= > Wl)NM I=#1 i=0,1,2, ..

le,ly==+1

(39)

These rules prov1de useful information about the expres-
sion of all i = 1,2,... operators O ;. ;- In addition to
the rotated- electron creatlon and anmhllatlon operators
of 6 Ny, j» such an expression includes pairs of rotated-
electron creation and annihilation operators with the same
spin projection o. Thus, such additional creation and anni-
hilation operators only generate rotated-electron particle-
hole excitations and do not change the net number of spin-
projection o rotated electrons created or annihilated by
application of the operators 6, ;. ; onto the ground state.
The general situation refers to ./\/7 electron operators that
are not invariant under the electron - rotated-electron uni-
tary transformation. (The problem is trivial for those that
are invariant, once éj\/ = 0 for ¢ > 0 in that case.) The

precise form of @N for i = 1,2, ... depends on the spe-
cific N-electron operator under con51derat10n However,
a general property that follows from the relations (39) is
that for increasing values of i = 1, 2, ... the operators éj\/j
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are constructed by adding to éﬁ\/o ; an increasing num-
ber of particle-hole elementary spin-projection ¢ rotated-
electron pairs.

In equation (32) the N-electron operator @Aj\/ ; Is ex-
pressed in terms of rotated-electron creation and anni-
hilation operators. From the direct relation between the
rotated electrons and the holons, spinons, and pseud-
ofermions it is straightforward to find useful selection
rules. Such rules refer to restrictions in the values of the
number of —1/2 holons and thus of 2v-holon composite cv
pseudofermions generated by application onto the ground
state of each of the i = 0,1, 2, ... operators 9/\/ - of expres-
sion (32). [The expression of these operators determmes
the value of the N-electron spectral function of Eq. (36),
as confirmed by the form of the related functions (37).]
For the PS excited energy eigenstates which have finite
overlap with the N -electron excitations, the values of the
—1/2-holon number, M, _; /5, and number of finite-energy
and finite-momentum c0 pseudofermion particle-hole pro-
cesses, NP'™VF of the elementary processes (A) [3] are
restricted to the following ranges,

(o]
M. 12 =1Le 12+ Y vNey=0,1,..

ZNZU?

v=1 ls==1
phNF _ . 1i
NEYT =0,1,...,min {ZNU’ ZN+15},
lo=t1 [t

i=0,1,2,.. (40)

Here the numbers Nl’i L
operator 9/\/ . The i = 0 operator 9/\/ has the same
expression in terms of rotated-electron creatlon and anni-
hilation operators as the corresponding operator 6! N, j of
equation (32) in terms of electronic creation and annihi-
lation operators. Therefore, for ¢ = 0 the selection rules
given in equation (40) read,

are those of equation (38) for the

o0
M, _1/2=1L¢ _1/2+ ZVNcu =0,1,..

v=1

NPRNE _ 0,1,...,min{

ZN1l7

ls==%1

Z Nilyls’ Z erl,ls}a

ly==%1 ly==%1
(41)

_ NZ,O

tion (30) specific to the operator 9/\/
The first exact ground-state charge selection rule of

equation (40) concerning the number of —1/2 holons,

M, _1/2, is equivalent to the following selection rule in—
volving the number deviation —AM, = AMy; = AN,

where the numbers N 1.1, are those of equa-

Z (lc) -A_/'lljls < AM. < N;
le,ls=%1
- M § ANCO = AMS S - Z (lc)Ml;fls;
le,ls=%1

i = 0,1,2,.. (42)
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Indeed, the combination of the inequalities (42) with
the relations (27)-(29) of reference [9] and that of equa-
tion (39), readily confirms the equivalence of the first selec-
tion rule given in equation (40) and that of equation (42).

Moreover, the —1/2 spinon number deviation
AM,, _1/2 is fully determined by the value of the —1/2
holon number of the first selection rule of equation (40)
and reads,

oo
AMS,—l/Q = Ls,—1/2 + AN + ZVNSD

v=2

= AN — M. _12. (43)
Equations (18), (19), (39), and (43) define sum rules
obeyed by the values of the deviations in the quantum-
object numbers and equations (21), (40), and (42) corre-
spond to selection rules for the permitted values of these
deviations. Such sum rules and selection rules define the
set of CPHS ensemble subspaces which contain the excited
energy eigenstates with finite overlap with the A -electron
excitations under consideration.

While the above rules are exact, direct evaluation of
the weights by the method introduced in Section 5 and
further developed in reference [3] reveals that 94% to 98%
of the N-electron weight corresponds to excited energy
eigenstates with numbers in the following range,

Ly 12+ Z v—1) Z 01,1, A_/'zljlg

zc, ly==1

i=0,1,2,...

Ng, =0,1,2,.

(44)

For ¢ = 0 the relation (44) can be written as,

(oo}
Ly 12+ Z(y —1)Ny, =0,1,2, ..., Z S1.1. N1
v=1 le,ls==%1
(45)
where the numbers ./WCJS = ./\770’29 are those of equa-

tion (30) specific for the operator @Aj\/j of equation (32).

Local —1/2 holons (and —1/2 spinons) correspond
to local 2v-holon composite cv pseudofermions (and 2v-
spinon composite sv pseudofermions). Local ar pseud-
ofermions are associated with the operators f;j,w and

Jz;,ar on the right-hand side of equation (34) of ref-
erence [3]. Let us denote the rotated-electron spin
projections o =7, | by 0 = —1/2, +1/2, respectively, and
consider the elementary processes of the A-electron exci-
tations in terms of occupancy configurations of local +1/2
holons, £1/2 spinons, and ¢0 pseudofermions:

(i) to create one spin-projection o = +1/2 rotated elec-
tron at the unoccupied site j, we need to annihilate a
local +1/2 holon and create a local c0 pseudofermion
and a local +1/2 spinon at the same site. Annihila-
tion of a spin-projection o = £1/2 rotated electron
at a spin-projection o = £1/2 rotated-electron singly
occupied site j, involves the opposite processes;
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(ii) to create one spin-projection o = £1/2 rotated elec-
tron at a spin-projection ¢ = F1/2 rotated-electron
singly occupied site j, we need to annihilate a local
F1/2 spinon and a local ¢0 pseudofermion and to cre-
ate a local —1/2 holon at such a site. Again, to anni-
hilate a spin-projection o = £1/2 rotated electron at
a rotated-electron doubly occupied site j, involves the
opposite processes;

the creation of two rotated electrons of opposite spin
projection onto the unoccupied site j involves the an-
nihilation of a local +1/2 holon and the creation of a
local —1/2 holon at such a site. Annihilation of two
rotated electrons of opposite spin projection onto the
doubly-occupied site j, involves the opposite processes;
the annihilation of one spin-projection ¢ = =+1/2
rotated electron and creation of one spin-projection
o = F1/2 rotated electron at the singly-occupied site
J, involves the annihilation of one local £1/2 spinon
and the creation of one local F1/2 spinon.

(iii)

Other processes can be expressed as suitable combi-
nations of the above elementary processes. The local
rotated-electron operator terms which transfer spectral
weight from the ground state to each of the J-CPHS en-
semble subspaces appearing in the state summation of
the spectral-function expression (36) have a specific and
uniquely defined form in terms of ¢0 pseudofermion and
composite av pseudofermion creation and annihilation op-
erators. In order to find the pseudofermion form of these
operator terms it is crucial to take into account the initial
ground-state pseudofermion occupancies, given in equa-
tions (C.24, C.25) of reference [9]. (We recall that the
pseudoparticle-number values of the latter equations equal
those of the corresponding pseudofermion numbers.)
Before illustrating how the elementary processes (i)—
(iv) are generated by the pseudofermion creation and an-
nihilation operators, it is convenient to provide some ba-
sic rules for the use of the latter operators. Since follow-
ing the use of the relations of equation (26) all matrix
elements are between the ground state and regular ex-
cited states, in the processes considered below, the de-
viations in the numbers of Yang holons (o« = ¢) and
HL spinons (o = s) are such that AL, = AL, 11/
Some of these processes involve creation or annihilation
of +1/2 Yang holons and/or +1/2 HL spinons. However,
we recall that within the pseudofermion representation,
the +1/2 Yang holons and +1/2 HL spinons do not ap-
pear explicitly. Such processes are taken into account by
the deviations in the number of discrete bare-momentum
(and canonical-momentum) values and effective av lat-
tice sites of the c¢v # c0 branches and/or sy branches,
respectively. Given the values of the corresponding pseud-
ofermion number deviations, this is readily confirmed if
one compares the number (B.6) of reference [9] of discrete
bare-momentum values and of effective lattice sites of the
excited energy eigenstate and ground state CPHS ensem-
ble subspaces. Since AL, = AL, 41/2, note that follow-
ing equations (B.6) and (B.7) of reference [9], the value of
the number N7, changes when the value of the number
L. = L 412 of +1/2 Yang holons and/or Ly = Ly 412
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of +1/2 HL spinons also changes. Thus, creation and anni-
hilation of +1/2 Yang holons (and +1/2 HL spinons) are
processes that are taken into account in the definition of
the effective cv # ¢0 pseudofermion lattices of the initial
ground state and excited energy eigenstates.

In the following we provide different examples of local
rotated-electron operator expressions in terms of pseud-
ofermion creation and annihilation operators. For simplic-
ity, each of such pseudofermion expressions corresponds
to the term of the local rotated-electron operator which
transfers spectral weight from the initial ground state
onto a single excitation J-CPHS ensemble subspace. Such
a pseudofermion term includes a coefficient factor 1/Cjy
whose value is well defined for each subspace. The full lo-
cal rotated-electron operator term which transfers spectral
weight from the ground state to a given J-CPHS ensemble
subspace is the product of that studied here by another
pseudofermion operator term given in the ensuing section.
The latter operator transfers from the ground state to the
J-CPHS ensemble subspace the part of the spectral weight
which corresponds to the processes (B) and (C), whereas
the pseudofermion terms studied here transfer the part of
that weight associated with the processes (A).

A i = 0 local rotated-electron operator éf\/o ; always
has one or a few dominant CPHS ensemble subspaces
which correspond to the whole spectral weight transferred
from the ground state in well defined limits. For one-
electron problems such that Ny = AN = 1 this refers
to the limits where the spectral-weight distribution is -
function like, as in equation (77) of reference [3]. For
No = N = 2, to the limits where such a distribution
can be expressed as a simple integral whose integrand is
a 0 function, as in equation (78) of the same reference.
In the general Ny = N > 2 case, to the limits where
the spectral-weight distribution can be written as an inte-
gral whose integrand is a product of [N — 1] § functions.
For instance, for ' = 1 this occurs for U/t — 0. For
the one-electron problem the amount of spectral weight
transferred from the ground state to the set of J-CPHS
ensemble subspaces contained in the dominant CPHS en-
semble subspaces is weakly dependent on U/t: while for
U/t < 1it corresponds to the whole spectral weight trans-
ferred from the ground state by the local rotated-electron
operator, for U/t > 1 it corresponds typically to more
than 0.94% of that weight. (Comparison of the amount of
transferred weight for U/t <« 1 with that obtained by use
of the methods of Ref. [16] for U/t > 1 confirms such a
weak U/t dependence.) For U/t finite there arise an infi-
nite number of pseudofermion terms, each corresponding
to a J-CPHS ensemble subspace compatible with the local
rotated-electron operator. Another example is the N' = 2
charge dynamical structure factor, where there are differ-
ent dominant CPHS ensemble subspaces for U/t — 0 and
U/t — oo, respectively. In this case the amount of spec-
tral weight transferred from the ground state to the set
of J-CPHS ensemble subspaces contained in the dominant
CPHS ensemble subspaces is a decreasing (and increas-
ing) function of U/t for the U/t — 0 (and U/t — o0)
dominant subspaces and vanishes as U/t — oo (and
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U/t — 0). Again, for intermediate finite values of U/t
there arise an infinite number of pseudofermion terms,
each corresponding to a J-CPHS ensemble subspace com-
patible with the local rotated-electron operator. However,
for all ¢ = 0 local rotated-electron operators 95\/07 ; the
pseudofermion terms associated with the dominant sub-
spaces together with a small number of other terms cor-
respond to more than 99% of the spectral weight. It fol-
lows that in applications of the pseudofermion dynamical
theory introduced here and in reference [3] only a finite
number of pseudofermion terms should be considered.

The av = c0, sl pseudofermion number deviations
and av # c0, sl pseudofermion numbers are related to the
rotated-electron number deviations by equations (18) and
(19). Given the values of the av = c0, s1 pseudofermion
number deviations and av # c0, sl pseudofermion num-
bers of the specific J-CPHS ensemble subspace under con-
sideration, the expression of the local rotated-electron op-
erator in terms of pseudofermion creation and annihilation
operators is always uniquely defined. Let us start by pro-
viding some of the simplest pseudofermion operator terms
of local rotated-electron operators. For local one- and two-
rotated-electron operators these operator terms involve
in general ar pseudofermion creation and/or annihilation
operators belonging to branches such that v < 2. The case
of other terms associated with excitation J-CPHS ensem-
ble subspaces generated from the ground state by pro-
cesses involving creation of composite ar pseudofermions
for v > 1 is discussed later.

In the following expressions the av effective lattice in-
teger site index j’ is such that j* = 1,2,..., N . An im-
portant property is that an operator whose expression in
terms of rotated-electron operators is local at z; = ja = j
can be written as a product of local ar pseudofermion
operators at zj; ~ x; where z; = j'a,. Here and in
all expressions given below j’ is defined for the av # c0
branches as the closest integer number to jn?,, whereas
j' = j for av = c0. We note that for the former branches
the site 5’ occupied by one ar pseudofermion corresponds
to 2v sites of the rotated-electron lattice. Thus, |z;; — z;|
is always smaller than the very small intrinsic uncertainty
which corresponds to the 2v rotated-electron lattice sites
occupied by the local av pseudofermion. Moreover, we em-
phasize that the rotated-electron lattice site j associated
with the effective av # c0 lattice site j' = jn¥, defined
above always belongs to the domain of 2v rotated-electron
lattice sites of j’. Here and below we use the equality
j' = jn?%, to denote the integer number j’ defined above.
Thus, the site j’ is such that j/ = j for arv = ¢0 operators,
j' = jng for av = sl operators, j/ = j[1 — n] for cv # 0
operators when n < 1, and j' = j[ny —n|] for sv # sl op-
erators when m > 0. The following local rotated-electron
operator expressions in terms of pseudofermions, whose
coefficient C; is different for each operator, refer to the
elementary processes (A) subspace:

(i) One of the simplest processes for creation of one
spin-down rotated electron at the unoccupied site j in-
volves the creation of a local ¢0 pseudofermion with the
operator f;j,co and of a local sl pseudofermion with the
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operator f;j/,sl such that j' = jny,
. . Loy P
Ci 1 (1 - njaT) = C_] f:cj/,sl fm,~,c07
ij Ge
CJ = € JAP; G_]7
o\ Nay-1
Gy = T [0V )(02) ™5 o [1 = 0N )],
Now = |ANVFE| 4 2NPENE 1) = 0, s1;
Now = NVEav # 0, 51, (46)

and thus é;, | (1 —7nj1) = CLJ Jz;,c0 fstl refers to anni-
hilation of one spin-down rotated electron at the singly-
occupied site j. In equation (46), n; , = E;7aéj,g is the
local spin-projection o rotated-electron density operator.

Note that the only j dependence of the coefficient C';
whose general expression is provided in equation (46) is
through the phase factor ¢?74%7  and thus the real and
positive number |C| is independent of the spatial coor-
dinate j. In the expression of the U/t independent real
positive number G ; given in that equation, N,, equals
the number of av pseudofermion creation and annihilation
operators of the expression of the operator under consid-
eration. For instance, N,g = Nz = 1 for both the above
operators CLJ flj,’ sl f;j,co and CLJ Jaj,c0 fa,, s1- While the
values of GG ; and of the momentum deviation AP; are spe-
cific to each excited J-CPHS ensemble subspace, that of
the real positive constant G¢ is fixed and well defined for
each excited CPHS ensemble subspace. Application of the
operator c% f;j“ 1 ;J <0 Oof equation (46) onto the initial
ground state leads to an excitation spanned by excited en-
ergy eigenstates belonging to the same J-CPHS ensemble
subspace. The actual value of C; is thus that correspond-
ing to such a subspace. The same applies to the coeffi-
cients C; of the other operators given below. Note that
G =1 for the simple operator expressions given in equa-
tion (46) and below in equations (47)—(53). Importantly,
for the dominant CPHS ensemble subspaces considered
above G¢ reads G = 1 for all values of U/t. It follows
that in the pseudofermion expressions of the operator (46)
and operators (47)—(51) given below the coefficient Cy re-
duces to a phase factor, C; = €*94P7 and thus is such
that |Cy| = 1. Moreover, for other i = 0 rotated-electron
operators as those provided below in equations (52) and
(53) the value of the coefficient G¢ is independent of U/t.
(The general expression of the momentum deviation AP;
is given in Section 5 and that of G¢ is provided below in
equation (68).) That for A-electron operators such that
N = 1,2 the spectral weight generated by application
onto the ground state of the ¢ > 0 rotated-electron opera-
tors corresponding to the ), summation of the last term
on the right-hand side of equation (32) is extremely small
and can be ignored is confirmed by the recent studies of
reference [22].

To create one spin-up rotated electron at the empty
site j, a simple process corresponds to create a local c0
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pseudofermion with the operator f;j’ 09

1

G (1 =1) = 5 11,0 (47)
and ¢ 1 (1—nj ) = C%] Jz;, co to annihilation of one spin-
up rotated electron at the singly-occupied site j. Such pro-
cesses also involve creation and annihilation, respectively,
of an empty site in the effective sl lattice. When the ini-
tial ground state belongs to a m = 0 CPHS ensemble
subspace, there is for the former process a single s1 pseud-
ofermion hole in the excited state, which corresponds to
the created site.

We note that the processes of the operator expressions
of equations (46) and (47) also involve the annihilation
of a +1/2 Yang holon, whereas the processes of the op-
erator expressions ¢; | (1 — n; 1) = c%, faj,¢0 [z, 51 and
¢ (1—ny )= C%] fz,,co0 involve the creation of a +1/2
Yang holon. Similarly, the processes of the operator ex-
pression of equation (47) and those of ¢ 1 (1 — 7y, ) =
C%] Jz;,co involve the creation and annihilation, respec-
tively, of a +1/2 HL spinon. In the remaining cases con-
sidered below we do not specify the elementary processes
of creation or annihilation of +1/2 Yang holons and +1/2
HL spinons, which are taken into account implicitly by
the pseudofermion description, as discussed above.

(ii) One of the simplest processes associated with the
creation of one spin-up rotated electron at a spin-down
rotated-electron singly occupied site j involves the anni-
hilation a local c0 pseudofermion with the operator fi;, co
and of a local sl pseudofermion with the operator ij,, o1
and the creation of a local ¢l pseudofermion with the op-
erator flj”’cl such that j' = jng and j” = j[1 — n], re-
spectively,

. 1
Gt =g S e oy (48)

Then ¢; 17y, | = c%, f;j/,sl flj,co fz,,c1 refers to anni-
hilation of one spin-up rotated electron at a doubly oc-
cupied site j. Moreover, to create one spin-down rotated
electron at a spin-up rotated-electron singly occupied site
J, a simple process corresponds to annihilate a local c0
pseudofermion with the operator ij,co and to create a

local c1 pseudofermion with the operator f; ¢ such that
i
J' =7t —nl,

6},lﬁj,T = C_szj/,cl fmj,CO' (49)
In this case ¢; | 7y = c%, f;j’ c0 fa,,,c1 corresponds to
annihilation of one spin-down rotated electron at a doubly
occupied site j.

(iii) A simple process involved in the creation of two ro-
tated electrons of opposite spin projection onto the empty
site j corresponds to creation of a local ¢l pseudofermion
with the operator f; ,.c1 such that j" = j[1 —n],

J

1 I

1
:
1% =gy Janer (50)
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It follows that ¢; 1 ¢;,| = c% fa,,c1 refers to annihilation
of two rotated electrons of opposite spin projection onto
a doubly-occupied site j. This involves annihilation of a
local ¢l pseudofermion with the operator ij, _c1 such that

J =il —n].

(iv) One of the simplest processes associated with the
annihilation of one spin-up rotated electron and creation
of one spin-down rotated electron at the singly-occupied
site j, involves the creation of a local s1 pseudofermion
with the operator fJr 1 such that j" = jng,

:cj/,s

1
&G == f1 . 51
c],lcij CJ f:vj/,sl ( )

Then 5;{7 ! Gj,1 = c% fmj“ s1 corresponds to annihilation of
one spin-down rotated electron and creation of one spin-
up rotated electron at the singly-occupied site j. This in-
volves the annihilation of a local s1 pseudofermion with
the operator ij,,sl such that j' = jn;.

For local rotated-electron operators generating more
complex processes involving creation or annihilation of
several rotated electrons, the creation and annihilation
of local c0 pseudofermions is always associated with cre-
ation and annihilation of rotated-electron singly occupied
sites, respectively. Since the local c0 pseudofermions and
c0 pseudofermion holes occupy the same sites j; and jj
as the rotated-electron singly occupied sites and rotated-
electron doubly-occupied and unoccupied sites, respec-
tively, there is a one-to-one correspondence between the
rotated-electron and c0 pseudofermion algebras.

However, once the composite local av # c0 pseud-
ofermions have internal structure that involves 2v rotated-
electron sites with different index j, the operational
relation of rotated electrons to such composite quantum
objects is more involved. This justifies why the expressions
of the local rotated-electron operators in terms of creation
and annihilation pseudofermion operators involve a su-
perposition of different pseudofermion expressions, corre-
sponding to the set of compatible J-CPHS ensemble sub-
spaces. Nevertheless, creation onto the ground state of a cv
pseudofermion (and sy pseudofermion) always involves v
rotated-electron doubly occupied sites and v unoccupied
sites (and v spin-down rotated-electron singly occupied
sites v spin-up rotated-electron singly occupied sites). In
general, the excited-energy-eigenstate v rotated-electron
unoccupied sites (and v spin-up rotated-electron singly oc-
cupied sites) of a created cv pseudofermion (and sv pseud-
ofermion) are generated by annihilating an equal number
of +1/2 Yang holons (and +1/2 HL spinons) of the initial
ground state.

For the creation of a local cv pseudofermion, each of
the v new created rotated-electron doubly occupied sites
can result from creation of a rotated-electron pair onto
an unoccupied site or of a rotated electron onto a singly-
occupied site. The latter case involves always one of the
elementary processes associated with the pseudofermion
terms given just after equations (46) and (47). On the
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other hand, for the creation of a local sv pseudofermion
such that v > 1, the v involved spin-down rotated-electron
singly occupied sites can result from creation of spin-down
rotated electrons onto unoccupied sites or from recombi-
nation of pre-existing ground-state s1 pseudofermions, as
further discussed below.

For instance, let us consider two J-CPHS ensemble
subspaces contained in different CPHS ensemble sub-
spaces which except for the occupancies of the ¢l and ¢2
branches have the same pseudofermion numbers. For such
branches, one has {N. = 2, N.o = 0} for the J-CPHS
ensemble subspace (I) and {N. = 0, Neo = 1} for the
J-CPHS ensemble subspace (II). Let us consider that the
local rotated-electron operator behind the transitions to
both subspaces is the same and involves creation of two
rotated electrons of spin projections ¢ =7 and ¢ =| onto
the spin-down singly occupied site j and spin-up singly
occupied site j + 1, respectively. For the subspace (I), this
corresponds simply to the process of equation (48) for the
site j and the process of equation (49) for the site j + 1.
For the subspace (II), in order to create two rotated elec-
trons of spin projections ¢ =7 and ¢ =] onto the spin-
down singly occupied site j and spin-up singly occupied
site j + 1, respectively, we need to annihilate two local
0 pseudofermions with the operators fi; co and fr, ;, co
and a local sl pseudofermion with the operator ij,,sl
such that j/ = jn; and to create a local ¢2 pseudofermion

with the operator f1 _, such that j” = j[1 — n],
i

4ot . 1
C},ch,lnjfinjfT = C_J fq:Tj,,’CQ ij,CO f:vj/,sl ij+1,CO'
(52)

It should be mentioned that in spite of the annihilation
of one sl pseudofermion, this process does not involve the
corresponding creation of a s1 pseudofermion hole. Indeed,
it involves the annihilation of the site j/ = jn; in the
effective s1 lattice. Thus, when the initial ground state
belongs to a m = 0 CPHS ensemble subspace, in spite of
the annihilation of the s1 pseudofermion the excited state
corresponds to a fully occupied sl band, as the initial
ground state.

A similar process gives rise to creation of a local s2
pseudofermion provided that creation of the two rotated-
electron doubly-occupied sites is replaced by creation of
two spin-down rotated electron singly occupied sites. How-
ever, in this case there is the possibility that one (or both)
the spin-down spinons needed for creation of the local s2
pseudofermion is (or are) generated from annihilation of
one (or two) ground-state sl pseudofermion(s). Such pro-
cesses can dress any rotated-electron process and are be-
hind the occurrence of an infinite number of compatible J-
CPHS ensemble subspaces for each local rotated-electron
operator. These non-dominant pseudofermion processes
do not obey the relation (45) (which is not an exact
rotated-electron selection rule) and for all finite values of
U/t amount to less than 6% of the rotated-electron spec-
tral weight [22]. For instance, in order to create one spin-
down rotated electron at the empty site j, in addition to
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the pseudofermion process (46) there is for instance a pro-
cess corresponding to the creation of a c0 pseudofermion
with the operator f;h .0 and of a s2 pseudofermion with

the operator f;r_// s such that j” = jny — ny] and to
e
the annihilation of a s1 pseudofermion with the operator
f;_, <1 such that j = jng,
i

Loy

6},1(17ﬁj1T):C_Jijll752fzj/751fflij7CO' (53)

We emphasize that the amount of spectral weight
transferred from the ground state by the operator (46)
is much larger than that transferred by the operator (53).
Indeed, the J-CPHS ensemble subspace associated with
the expression (46) belongs the dominant CPHS ensemble
subspace of the local rotated-electron operator, whereas
the J-CPHS ensemble subspace corresponding the expres-
sion (53) does not. Note that in the present case the
two competing J-CPHS ensemble subspaces can have the
same pseudofermion deviation numbers and values ex-
cept for the occupancies of the s1 and s2 branches. Thus,
the processes generated by the operators (46) and (53)
correspond to J-CPHS ensemble subspaces belonging to
different CPHS ensemble subspaces such that {ANg =
1, Nsa = 0} and {ANs; = —1, Nyo = 2}, respectively.
Similar dressing processes involving creation of sv pseud-
ofermions belonging to v > 1 branches by annihilation
of one to v ground-state sl pseudofermions can occur for
all rotated-electron processes but correspond to very fast
decreasing values of the amount of spectral weight trans-
ferred from the ground state for increasing number of
pseudofermion processes [3,22]. Moreover, we recall that
the subspace summation on the right-hand side of the
spectral-function expression (36) is limited to the compat-
ible CPHS ensemble subspaces: their pseudofermion num-
ber deviations and numbers obey the sum rules (18), (19),
(39), and (43) and selection rules (21), (40), and (42).

We could present here other pseudofermion terms of
increasing complexity, corresponding to the local rotated-
electron operators considered above. However, the amount
of spectral weight transferred from the ground state by
the pseudofermion operator terms describing the above-
mentioned dressing processes involving creation of sv
pseudofermions such that v > 1 by annihilation of an
increasing number of ground-state s1 pseudofermions de-
creases very rapidly for increasing values of v. Also the
spectral weight transferred from the ground state by the
operator terms with increasing value for the index ¢ of the
expression (32) of the general operator éj\/ ; decreases
very rapidly. For instance, for the one-electron spectral
weight the contributions from dressing sv pseudofermion
processes for v > 2 and the terms of index i > 1 of the
expression (32) for N' = 1 are typically beyond numer-
ical measurability. Therefore, as far as numerical mea-
surability is concerned, only a few pseudofermion terms
contribute to the actual electronic spectral-weight distri-
butions [3,22].
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5 The spectral function as a convolution
of pseudofermion spectral functions

In this section we express the spectral functions (37) as
a convolution of pseudofermion, independent —1/2 holon,
and independent —1/2 spinon spectral functions. The ex-
cited energy eigenstates appearing on the right-hand side
of equation (37) can be written as the following pseud-
ofermion Slater determinant,

I£.L, C) =[] F} .10)
+42,
Flow="TI [Nawl@) F} e+ 1= Now(@))].
q;=—43,
(54)

Here and in other expressions below |0) is the pseud-
ofermion vacuum such that fz, o,[0) = 0 for all av
branches and canonical-momentum values. In turn, ac-
cording to equations (C.24) and (C.25) of reference [9],
the ground state corresponds to a canonical-momentum
densely packed occupancy for the c0 and s1 pseudofermion
bands and the Slater determinant has the following sim-
pler form,

GS) = ] Fls al0);

av=cO0, sl

+aban
I . — .
H f(jj,cw7 av = CO, 517

4j=—dq%,,

I _
FGS, av

0
dFav, +1

I

Z— 0
G =9Fav, —1

f — P _ .
FO—GS,CU/ - qu7ay; Vv = CO, S]_,

JFav, +1

I

qi=qFav, —1

F}_GS,W = fgw; av =0, s1.  (55)

The generators FOT_G& o and F}—GS, o given here cor-
respond to densely packed distributions introduced be-
low and the discrete canonical-momentum values of the
pseudofermion operators fghau of their expressions are
those of the CPHS ensemble subspace which the ground
state |G.S) and the excited state | f.L; C) of equation (54)
belong to, respectively. The Fermi points appearing in
the products of their expressions of equation (55) read

qIOJ‘auA,:tl = iqIO;‘oa/ [27T/L]A oa/ il and (jFoa/,il -
%, £27/LI[ANE, o1 £Q% (inW /2], respectively,
where the deviation numbers AN? Lﬂ and AN, ,, are
those of equation (35).

The excited-energy-eigenstate canonical-momentum
distribution function N, (g;) on the right-hand side of
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( .
NaV(_j):NoZz)Z(Qj)+ANaV (QJ) OLI/—CO, sl
Ngﬁ(_J):NaUO(QJ)+AN£1f/LF(QJ) O”/*COa sl
Na_uo(ij) :N (@) + ANal/(q]) av = c), sl;

Now (@) = ANG(@5) + ANZ, (@) ov # 0, s1. (56)
Here N 0(q;) and Ng2(gj), such that N 0(g;) =
N;%(q;), correspond to the excited  densely
packed  distributions  [,,_.0 « F}_GS, o]0y and
[ov=co, o1 F(LGS, ov|0),  respectively.  Furthermore,

the ground-state distribution N2, (g;) is both such
that ¢; = ¢; and NQ,(q;) = Ng,(g;), where NZ,(g;)
is the ground-state bare-momentum distribution func-
tion given in equations (C.1)—(C.3) of reference [9].
Thus, AN (g;)) = ANZL,(gj) describes av = 0, sl
pseudofermion addition to or removal from the Fermsi
points. Moreover, ANNF(q;) = ANZIF(g;) describes
av pseudofermion creation and/or annihilation away
from the Fermi points for the ar = ¢0, sl branches and
creation of av pseudofermions at canonical-momentum
values such that |g;| < ¢2, for the av # 0, s1 branches,
whereas for the latter branches ANYZ, (q;) = ANE, (g;)
describes creation of arv # 0, s1 pseudofermions at
the limiting canonical-momentum values q; = +4°,,.
Finally, the deviation ANPMF(g;) = ANERF(g;)
corresponds to low-energy and small-momentum

av = 0, s1 pseudofermion particle-hole processes.
For n = 1 (and/or m = 0) the excitation subspace
is such that ANZ'F(g;) = ANP'F(g;) = 0 (and/or
ANPIE (g;) = ANPIF (g;) = 0). The above deviations are
such that,

+do, +da,

Z ANPIF () = 0; Z ANNF (g;) = ANNF.
7;=—q3, G=—a2,

+da,

Z ANE (q;) = ANE . av = 0, s1.

4==4%

Since for the av # 0, s1 pseudofermion branches
there is no occupancy in the initial ground state, the
canonical-momentum distribution function is such that,

0
Z;;q:iqgu ANy (Gj) = NYF + NI . [See Eq. (35).]

The generator F t o given in equation (54) can be

written as,
I _ ot T T .
Ff,av Fp hauFJ—NF,aVFJ—GS,aw
= Flip o0 Ff av # 0, sl.

F,av’

av = c0, sl,

The expressions of the generators FJL NF o Jal and

p—h, av’
F ):, F, o I terms of pseudofermion creation and annihila-
tion operators are given in equations (B.1), (B.4), and
(B.5) of reference [3], respectively, and that of the gen-
erator F‘Lcs, oy 18 provided in equation (55), whereas
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the generator F } creates av # 0, sl pseudofermions

£¢0,-
F}_NF’ oo are associated with the deviations Nph(qj)
and ANNF(g;) of equation (56), respectively, F
corresponds to the deviation ANO’jf}F(qj) of the same
equation and thus generates the low-energy and small-
momentum av = c0, sl pseudofermion particle-hole pro-
cesses (C). The operators F }:, and FJ,  refer to the

F,av F,av
av # c0, s1 branches and are associated with the devia-

tions AN (g;) and ANE (;), respectively.

The precise expression of the spectral functions of
equation (37) depends on the specific form of the local
operator 9/\/ ., whose expression includes contributions
from all av branches with finite pseudofermion occupancy
in the corresponding J-CPHS ensemble subspace. For each
such a subspace that operator expression has the following
general form,

,av

The generators Jal

T
p—h, av ElfGS, av and

at ¢ =

—h, av

=G (57)

Al
1o/

av

where the real positive number G¢ whose expression is
given below in equation (68) is that appearing in the
general expression of the coefficient C; provided in equa-
tion (46) and we recall that j* = jn?, denotes the integer
number closest to jn¥,. In equation (57) and in the re-
maining of this paper §(z) is such that 6(z) =1 for z > 0
and f(x) =0 for z < 0.

As mentioned in Section 4, the value of the coefficient
G¢ appearing in the general expression for the operator
95\/“ ; given in equation (57) is the same for all J-CPHS
ensemble subspaces belonging to a given CPHS ensem-
ble subspace, whereas that of the real positive numbers
G; and |Cj| of equation (46) is specific to each J-CPHS
ensemble subspace. Furthermore, when the expression of
the local operator Oj\/ ; of equation (7) is independent of

U/t, the same occurs for the related operators @Aj\/j and
éj\/o, ; of equations (27, 28) and (32), respectively. It fol-

lows that in the case of the ¢ = 0 operator éﬁ\fo,jv the value
of the coefficient G¢ appearing in its expression given in
equation (57) is also independent of U/t. Fortunately, for
the dominant CPHS ensemble subspaces considered in the
previous section, such a value can be found from analy-
sis of the problem for U/t = 0 or U/t = 00. One then

. ~ 51,0
finds that Go = 1 in the O}, ; = Gc [len €57 00] ex-
pression corresponding to the dominant CPHS ensemble
subspaces, as pointed out in Section 4.

The operator @] o abpearing in equation (57) has
the following general form for the av branches with finite

pseudofermion occupancy in the J-CPHS subspace,
okt —iAPY,5'al, Ql NFle Fi

],Otl/:e

ALNF,
05 W’ and O4F7 are associated

with the elementary processes (A) and (B), respectively,
and the phase-factor momentum IAP?, is given be-
low. Considering that [r;; — x;] = 0, it is such that

Here the operators
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—i >, AP j'al,, = —ij AP;. Here the summation >
is over the av branches with pseudofermion occupancy
in the J-CPHS ensemble subspace and AP; is the mo-
mentum deviation of the coefficient C; = /457 [G /G ]
given in equation (46), which reads,

APy =Y APY,
av

. 0 .70
1AP,, j'ag,

Let us proceed by studying the phase factor e~

and operators éfo  and @é NOW” whose product gives the

operator @ 7 au- We start by characterizing for each av
branch the elementary processes that originate the phase
—iAPG,5'a0, | The expression of the local opera-

o does not involve the generator of the elemen-

factor e
tor éé,z
tary processes (C), Fg h. o
tum [APPRE for such processes through a phase factor,
e’iAPg’vLFjlagv Here IAPPRE = [[27/ L] [may, +1—maw, —1]
is the small momentum dev1at10n generated by the av =
c0, s1 pseudofermion particle-hole elementary processes
(C) and mqy, +1 is the number of such processes of momen-
tum £[27/L] in the vicinity of the Fermi points +4¢% .
Furthermore, each arv = ¢0, sl pseudofermion created or
annihilated at the Fermi point 1q%,, by the elementary

but provides the momen-

. . g 0 -7 0
processes (B) contributes with a phase factor e =" 9rav7 ®av
. (0] -1 0 . .
or et®dravi %y respectively, Where ¢t = £1. This leads
2o 0 0,F
to a phase factor e *?¢ravAJai 'ag v, where 2AJ%F =

ANSVFJrl — AN2F | and the number deviation AN 2511

is that defined in equatlon (35). Moreover, each cv # 0
and sv # s1 FP current scattering center created by the
elementary processes (B) contributes with a phase factor
e~itdreod’ @ and e~ Treod 2o e+“2q0Fslj/a81, respectively.
On the other hand, the scatter-less bare-momentum shift
contributes with a phase factor e~ilQa. /LI, for each of
the N2, pseudofermions of the initial ground state, what
gives [e_i[qu/L]j/aEu]Ngu = e_quFau[qu/ﬂ']jlagu with arv =
0, s1. Adding all these contributions leads to the above
net phase factor e~ APL 3" %0 for the av = 0, s1 branches
whose phase-factor momentum reads [AP?, = [[APPM +
APL . For densities in the ranges 0 < n < 1 and 0 < m <
n, the momentum APZ) appearlng 1n that phase factor is
given by APE = 4kF[AJ + >0 JE 43, JE)] and
APL = 2I<:F1[A —25>, JE] for the av = ¢0 and
av = sl branches, respectlvely It results from the current
contributions associated with the c0 and s1 Fermi points
+2kp and +kp|, respectively. Moreover, each cv # c0
pseudofermion created by the elementary processes (A)
contributes with a phase factor e~ i)', what leads
to a net phase factor e —iAP,'a%, for the cv # c0 branches
such that APY, = (1 + v)7\,,. Finally, the phase-factor
momentum vanishes for the sv # s1 branches. Thus, the
phase-factor momenta contributing to AP; read,

IAPY, = 1[APPM + AP
IAPS, = 1(1 + V)TN, cv # c0;

av = c0, sl;
IAP?, =0, sv # sl.
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Next we consider the operator (:)laf’ For the cv # c0
and sv # sl branches, that operator creates 2vNZ
independent —1/2 holons of momentum 7 and 2vNE in-
dependent —1/2 spinons of momentum zero, respectively.
(The only effect of the creation of the corresponding NE

cv # c0 FP current scattering centers and N, sv # 51

FP current scattering centers [10], respectlvely, 1s the
above contribution to the phase factor e —iAPL5' % and
—iAPgs aly g —iAP] S % , respectively.) For the av = 0, sl

branches the operator lelj ¢ is such that,

lank |

o 1200, A0 5 g, OLEi — ( 1
*
NCU/

u(qaﬁ?ﬂl /LYal, (' —i")

ANE, . r Nz,
xH{ ant ) 1 [

1==+1 i'=1 Ljr=1
+ F
X f:nju,ow +9( ANaV L)
F -
|ANG, =171 NZ,
. 0 ./ 0 v .11
i —27i /L)a — .
> H E : et oy /L)ag, (7' =j )ij”,w :
=0 §7=1

av = c0, sl.

Thus, that operator can be written as,

ANZ,

N, Fi F

@O‘V - H {@ AND‘V 2 H fL(ng+27r'L "/L), v
1==%1 /=1
|ANZ, -1
F . _
9( ANau v H fL(qu727T’L"/L),OtU}7 av = c0, s1,
=0

where we omitted corrections of order 1/L to the momen-
tum value ¢, appearing in the phase factor. However,
these corrections must be considered in the momentum
of the pseudofermion operators. In the above two equa-
tions the pseudofermion operators correspond to spatial
and canonical-momentum variables, respectively, and in
the argument of the exponentials appearing in these equa-
tions and in other equations given below 4 is the usual
imaginary number. (It is not the index i of the operator
OLE whereas i is a summation index.) Moreover, in the
above equations and in the remaining of this paper O(z)
is such that ©(z) = 1 for x > 0 and O(z) =0 for x < 0.

We finish the study of the operator éé,z

ering the operator (9; Noil associated with the elementary

processes (A), whose expression refers to a given J-CPHS
subspace. In order to arrive to that expression in terms
of the local arv pseudofermion creation and annihilation
operators, we recall that our study refers to spectral func-
tions of form (7) whose operator Ol v, j expression involves
N elementary electronic operators Wthh create or anni-
hilate electrons in a compact domain of lattice sites. For
such an operator the general expression of the correspond-

SN .
ing operators 9 w’l involves NV, local av pseudofermion

oy Dy consid-
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creation and annihilation operators for the arv = ¢0, sl
branches (and creation operators for the av # ¢0, sl
branches) which refer to a compact domain of N,, ef-
fective av lattice sites. The operators (46)—(53) involve
the product of operators whose expressions involve ele-
mentary operators of a single av branch and except for a
multiplicative constant are particular examples of such a
general expression, which has the following form,

Nm, 1

ALNFG * NF
Qj’,au - (nau) Q(AN )
ANchVuF"_Nﬁ}:NFJ’_j/_l Nar/""j/*l

x I1

§lr=j’
NF
+ 0(_ANCW )
|ANNE | NPhNF 57

x 11

jr=j5"

I1

J=ANNF+NELNF 4

fg;j//7ay fﬂ?j///, (677

Nav+i'—1

I

JHANNFRNELN T

fl‘j//,()él/ fzj///’ay )

av = c0, sl,

and

+5'—1
QL NF.i w o Nap=1 o]
Jyav T (noa/) H fa 11 av’
J"=y’

cv#c0, n<1l; sv#sl, m<n.

Here the spatial coordinates zo, x1,...,2n;,, —1 correspond
to the compact domain of N, effective av lattice sites
where the number N, is given in equation (46).

which is the

Fourier transform of the above local operator 9§ i o

Let us consider the operator Qk o

+zlkja 11
Z € Lal/'

This operator can be expressed in terms of the following
momentum convolution,

Al LN FLi I,F,i LN FLi N FLi
Qk, E Cha au@ "Op 1P, = O Apo 0, Oar

avr &

O, Fi ; A1,N Fyi
where the operator Oy, was given above and Qk o

lNF’L
@] av

is the Fourier transform of the local operator It
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reads,
Nap—1 ANNF L NpANF _y
¥ oy av
~iNFi 1 NF
Qk, av T (F) Q(ANO(I/ )
@ i'=0
Nav—1

<l

Ly phNF
i"=ANNF {4 NE!

( +4q2,
Qi

—ii’al, g, ¢t
€ v fzj%/,av
=—qJ,
+4q2,

-0 00
1M a
X ( E e av @i’ quyll,al/>‘|
qir=—a3,

BT

X 0

ANNEF Neap—1
av G, — av G
LA D q; Zi//:ANNF+NgkNF Gyr1]
av

|ANZ [+ NEEN T —1

[1

+ 9(—AN§VF)[
/=0

Now—1 +a,
}: i’a® g,
X H e avdi’ flfi/,al/
i =|ANNF [+ NELNF NGy =—a3,

+4q2,

X (
din=-q3,

71;72”0’21/@7,” fT
€ g1, v

X 0 hNF ;
[ANNFI+NEST T -1 Nav—1 = )
Rll= 20" q7"+zi”a=\ANQ’,,F\+N£}JNF el
av = c0, sl
1 Nay=l FA,, -1 +d3,
SLNFi 2 : —ii’a G, gt
@k,av - (N ) H € f(ji/,cw
a o _
=0 gy=—-q%,
X 5k,l[cw2f//§;’l v 0, n<l;
sv#sl, m>0. (58)

Here the set qo, q1, @2,---,qn,, —1 refers to Ny, summa-
tion canonical-momentum variables associated with the
av pseudofermion bands. We note that the canonical-
momentum values in the Krénecker d’s of equation (58)
run under the summations but not under the prod-
ucts appearing in that equation. For the av # c0, sl

) SUNFi
branches, the NV, -av pseudofermion operator ©," "

cre-
ates and annihilates |[ANNF| av pseudofermions when
AN, O]X,F > 0 and AN, O]X,F < 0, respectively, and generates
NPANE — 0 1, ... finite-momentum and finite-energy av
pseudofermion particle-hole processes. For the av # c0, sl
branches, it creates NN av pseudofermions of bare-
momentum ¢ such that |g| < ¢¥,,.

In the case of the av # c0, sl branches, the gen-
eral expression given in equation (58) for the operator

ééNafl is valid for densities such that the corresponding
ratios n}, = Nf, /N, have finite values. For the cv # 0
(and sv # s1) pseudofermion branches and electronic den-
sity n = 1 (and spin density m = 0) all pseudofermions
separate into 2v independent —1/2 holons (and 2v inde-
pendent —1/2 spinons). Therefore, the operator given in
equation (58) does not exist. Moreover, for n = 1 (and
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m = 0) the above generator F;Lm .0 (and F;Lm 1) of the

elementary processes (C) reduces to Fg_,% 0 = 1 (and

T
prh, sl
tronic density n = 1 (and spin density m = 0), provided
that we consider the corresponding restrictions in the c0
(and s1) excitation spectrum and take into account that

A= éij\gsl, for the cv # 0 (and sv # s1) branches.

k,av —
For the avr = ¢0, sl branches the pseudofermion
weight distribution involves the following matrix element,

= 1). However, our theory also applies for elec-

ALi
(O1Fs -5, a0 F1-NE,av Fpnov 05 0y Flrg, 0 |0);
av = c0, sl.

Our study refers to very large values of L when the com-

mutator [Fg_,% o F}_NF’ ov) = 0 vanishes and the op-

erator élaf’ is such that élaf’ FCT;& o = FOT_G& oy and
thus the matrix element can be rewritten as,

5L, N Fyi T .
<0|FJ7GS,O¢U prh, av FJfNF, aV@k—lAPgw av FO—GS,CW|O>’

av = c0, sl.

When applying the generators F ;{ L.av and FCT;& o Of
equations (54) and (55), respectively, onto the pseud-
ofermion vacuum to construct a given energy eigenstate,
the set of ar band discrete canonical-momentum values
{@;} of the pseudofermion operators fgj, o 1IN the expres-
sions of these generators are those of the CPHS ensemble
subspace which that state belongs to. This rule applies
when one considers the generators of the full energy eigen-
states. (Below we express each J-CPHS as a direct prod-
uct of subspaces. To reach the correct final results, such a
rule does not apply to some of the states which span such
direct-product subspaces.) The same occurs with the dis-
crete canonical-momentum values of the pseudofermion
creation and annihilation operators of the expression of
any operator © when it acts onto a given energy eigen-
state. For instance, let |3) and |B’) be energy eigen-
states. Thus, the discrete canonical-momentum values of
the pseudofermion creation and annihilation operators of
the expression of the operators O and @ in O7|3') and
O|p) are those of the CPHS ensemble subspace which the
states |#’) and |§) belong to, respectively. An important
property for our theory is that for L large both choices
lead to the same value for the matrix element (5|0|3").

The operator ééNafl of equation (58) is for the

av = 0, sl branches such that the commutator
[Fo—h, avs @LZ\QZ’] = 0 vanishes when it acts onto the

CPHS ensemble subspace which the corresponding excited
state belongs to. Furthermore, there occurs a full overlap
of that operator with the generator Fy_nF, . and for the
av # c0, sl branches there occurs a full overlap of the
operator éij\;}ljl given in the second expression of equa-
tion (58) with the generator Fivp, o The latter full over-
lap results from the lack of arv # 0, s1 pseudofermion
occupancy of the initial ground state.

A J-CPHS ensemble subspace can be expressed as
the direct product of subspaces, one for each ar branch
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pseudofermion occupancy. In the particular case of the
av = c0, s1 branches the low-energy and high-energy
physics separate provided that L is large and one can de-
fine two of such product subspaces for each branch. They
are associated with the excitation occupancy configura-
tions generated by the finite-energy elementary processes
(A) and low-energy elementary processes (B, C), respec-
tively. We call p — h,av = c0, sl branch subspace the
latter low-energy subspace. Thus, the number of prod-
uct subspaces equals the number of ar branches with
finite pseudofermion occupancy in the J-CPHS ensem-
ble subspace plus two. Finally, for some J-CPHS ensem-
ble subspaces the direct product also includes the in-
dependent —1/2 holon subspace and independent —1/2

spinon subspace. For such subspaces the generator F } o

F

either creates N, av pseudofermions with limiting bare-

t
or reads FF7 o

v
momentum values ¢ = 4¢°,

NF = 0 and thus F}L o = FJJ{,F, oy (Or F}L, o does not
exist if n =1 and av = cv or m = 0 and av = sv). The
states which span the av branch direct-product subspaces

and p — h,av = 0, sl branch direct-product subspaces
have the following form,

|f.L; av) = ijNF,au|GS>; av = c0, sl;
|f-L; av) = F]:,F,W|GS>; av # 0, s1;
|f-L;p—h,av) = Fg_h,w F‘LGS, arl0); av =0, sl.

= 1 when

Below we express the spectral functions as convolutions of
p— h, av and av pseudofermion spectral functions. How-
ever, in order to reach the same spectral-weight distribu-
tions as by use of the above matrix elements, it turns out
that:

(i) when applying the generators ELNF oy and F}:,F o
onto the ground state |GS) to construct a given av

branch direct-product-subspace state, the set of the
av band discrete canonical-momentum values {g;} of

the pseudofermion operators f;jym, in the expressions
of these generators must be those of the ground-state
CPHS ensemble subspace;

when applying the generator Fg_,% o EJLG& o
onto the pseudofermion vacuum |0) to construct
a given p — h,ar = c0, sl branch direct-product-
subspace state, the set of the ar band discrete
canonical-momentum values {g;} of the pseud-

(i)

ofermion operators fgj,w, in the expressions of that
generator must be those of the corresponding excited
energy eigenstate.

The property (i) ensures that the above full matrix-
element overlaps are reproduced. Furthermore, properties
(i) and (ii) also ensure that the contribution from the
unconventional orthogonality catastrophe matrix-element
overlap discussed below is not counted twice.

Below we introduce the av = 0, sl pseudofermion
spectral functions and p — h,ar = ¢0, s1 pseud-
ofermion spectral functions which involve the opera-

~ I NFi
tors @,

CCIAPE o and @fx’f’iék, waprnE, respectively. The
[e278) b av
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momentum convolution of these two operators leads

to the correct expression for the operator (921@” such

Al _ ALNFi AL _
that O’ = 20 O Apr 1, aw Ocv O raprnr =
ALNF,i SR
Qéfm’;gww OLEY In turn, the av # c0, sl pseud-

ofermion spectral functions considered below correspond
to the operators éi’]—\[li}gwaw which refer to the av #
c0, s1 branch direct-product subspaces. For the latter
branches, the pseudofermion spectral function is associ-
ated with the NV,, = Nﬁ,F > 0 av pseudofermions cre-
ated by the processes (A), whereas the NI av pseud-
ofermions of limiting canonical momentum =+¢°, con-
tribute to the independent —1/2 holon (av = ¢v) or —1/2
spinon (av = sv) spectral function and to the momen-
tum of the arv = ¢0, sl spectral functions associated with
the elementary processes (A), through the FP-current-
scattering-center phase factors.

The operators associated with the pseudofermion spec-
tral functions can be written in the corresponding direct-
product subspaces as,

SULNF,i o
Qk—lAPCf'V, av
> (f.L; ay|é§€{v&j,£ww|as> |f.L; av)(GS|;
f
av = c0, s1,
SIL,NF,i o
Qk—lAPgu, av
> AF-Ly avlO; 8 b0 4, |GS) IF.Ls av)(GS];
f

av # c0, s1,

ALE,i _
O 5k, JAPPRE =

D (fLs p=h, afOL|GS)S,, | pponr | f-Li p—h, av)(GS];
f
av = c0, sl.

Here the f summations run over the states which span
such subspaces and the matrix elements are given by,

Nav—1
2

, ~INFi (1
(f.L; av|©) " e ’W|GS> =\~
£ "
NF PhNF _
—isgn(ANN [ g e T e

i ) hNF
e j’=0 i’ =|ANNFHNED

)
kAP Asgn(ANYF XY

]jlagqu’

hNF
ANNFNELNE

j’=0

1 - Nav-1

9
) N F n Pl ~NF)T]
i'=aANNFNDD 7

av = c0, sl,

Nav—1
~ . 1 2 _isNav—1 /-
<fL7 al/l@ﬁﬁjivli;guaay|GS> = (F) e Zj/:() J 4q;
) av # 0, s1, (59)

kALAPY, +eaw 501 g,
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for the av pseudofermion spectral functions and
(f.L; p = b, av|OL|GS) 6, | o ponr =

(O[Fs-cs,av Fp—n, av F(LGS, avl0) 0y japrnrs

av = 0, s1, (60)

for the p — h,ar = c0, sl pseudofermion spectral func-
tions.

The simple form of the matrix elements (59) follows
from the full overlap of the generators Fy_nF o and
FnF o with the operator éij\(;fl for the av = c0, sl and
av # c0, s1 branches, respectively. Such a full overlap
also justifies that the corresponding av spectral functions
whose expression is given below have a non-interacting
character. In turn, the evaluation of the matrix element
(60) of the spectral function associated with the av =
0, s1 pseudofermion elementary processes (B, C) is a
more involved problem. For the arv = c0, s1 branches
the phase-factor momentum [AP?, = I[[APPRE + APF)
involves a term, [APPAM which arises from the ele-
mentary processes (C). Interestingly, the dynamics as-
sociated with the overlap of the ar = c0, sl state
(f.Lyp — hyav| = (0|Fr-cs, av Fp—h,av| with the state
eLEYGS) = OLE FéS’aV|O> = FOT_GS, ov|0) of the ma-

trix element (60) is not controlled by the operator éij\;}ljl

but rather results from the different discrete canonical-
momentum values of the pseudofermion creation and an-
nihilation operators involved in the generators of each of
these states. (For these branches the expression of the

operator éfj o does not include that of the generator
F;fh’w, as mentioned above.) Each discrete canonical
momentum value of the pseudofermion operators involved
in the generators of the former state includes an extra
overall canonical-momentum shift Q.. (q)/L relative to
those of the latter state. If a av = ¢0, sl pseudofermion
or pseudofermion hole is created at the Fermi points by
the elementary processes (B) and thereafter moved from
there by the elementary processes (C) generated by the op-
erator Fj,_p o, the dynamics associated with the overlap
of the excited-state occupancy configurations generated
by the latter processes with the ground-state generator is
controlled by the orthogonality catastrophe that occurs
in the matrix element (60) due to the overall phase shift
Qo (q)/2. Such a matrix element involves NO, + ANE,
av pseudofermions. The occupancy configuration of the
state FOT_G s, ov|0) corresponds to the densely packed mo-
mentum distribution N;,2(g;) for NO, + ANL, av pseud-
ofermions. The corresponding discrete canonical momen-
tum values g; (occupied and unoccupied) are those of the
ground state, §; = ¢;. The occupancy configuration associ-
ated with the state |f.L; p—h, av) = F;fh’ o F}_GS, avl0)
also refers to NJ, + ANZL av pseudofermions. However,
its discrete canonical momentum values are those of the
excited energy eigenstate. This feature leads to an exotic
overlap for the matrix element (60). Such an overlap is
behind the unusual quantum-liquid spectral properties, as
further discussed below and in reference [3]. We note that
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in the absence of the av = 0, s1 pseudofermion overall
phase shifts Q4. (¢)/2, Eq. (11), the matrix element (60)
would vanish, except for the lowest-peak weight such that
Fy_n,av =1 and thus AP&’Z}F =0.

The spectral function expressions are additive in
the contributions of each ground-state—excited-energy-
eigenstate transition. For each transition, the avail-
able excited-energy-eigenstate pseudofermion discrete
canonical-momentum values are in general slightly dif-
ferent and given by the functional (8). The important
point is that for each ground-state—excited-state transi-
tion one knows the precise values of such discrete pseud-
ofermion canonical momenta. Given these values, the av
pseudofermion creation and annihilation operators of the
matrix element corresponding to the specific transition
act independently for each ar excitation branch. This
is behind the introduction of the above subspace di-
rect product and follows in part from the factor dq., o1/
on the right-hand side of the pseudofermion anticom-
mutation relation (14). Thus, since the pseudofermion
creation and annihilation operators of each av branch
act independently for each ground-state—excited-energy-
eigenstate transition, they also do it for the whole spectral
function, which is additive in the contributions of each
ground-state—excited-energy-eigenstate transition. More-
over, as a result of the additive character of the en-
ergy in terms of av pseudofermion, independent —1/2
holon, and independent —1/2 spinon single energies and
of the corresponding expression of each J-CPHS ensemble
subspace as the direct product of the above considered
subspaces, the excited-energy-eigenstate wave-functions of
the ground-state normal-ordered 1D Hubbard model fac-
torize. It follows that the spectral functions B%*(k, w) of
equation (37), generated by transitions from the ground
state to a given J-CPHS ensemble subspace, can be ex-
pressed as a convolution of pseudofermion spectral func-
tions, one for each branch with finite occupancy in such
a subspace and for the independent —1/2 holons and/or
independent —1/2 spinons, if they have finite occupancy
in the same subspace, and two functions for the particu-
lar case of the av = 0, sl branches, as discussed above.
It follows from the form of the matrix elements given in
equation (60) that the contribution of the corresponding
p—h,av = c0, sl pseudofermion spectral functions to the
weight overlaps is more involved than that of the remain-
ing pseudofermion, independent —1/2 holon, and indepen-
dent —1/2 spinon spectral functions.

For each J-CPHS ensemble subspace, we introduce
a dimension D associated with the elementary pro-
cesses (A),

D:ZG(Nau)a (61)

where the numbers N, are defined in equation (46). For a
general J-CPHS subspace the function B (k, w) of equa-
tion (37) can be written as a convolution of the p—h, c0, s1
pseudofermion spectral function, p — h, s1 pseudofermion
spectral function, one MN,,-av pseudofermion spectral
function for each of the D branches such that A,, > 0, in-
dependent —1/2 holon spectral function, and independent
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—1/2 spinon spectral function. Thus, let us provide the
general expressions of the spectral functions correspond-
ing to such a general J-CPHS ensemble subspace.

The p — h,av = ¢0, sl pseudofermion spectral func-
tion associated with the elementary processes (B, C) is
given by,

Li
By (kw)=

J—CPHS—av—(C)
X(S(w — ZAEgZF) 6k lAPEb’F;

av =c0,s1 l==+1, 1=0,1,2,...,

O1Fs G5, a0 Foh, aw Fi— s, a0

(62)

where the energy and momentum spectra are given be-
low and the matrix element is that of equation (60). The
summation ZJ_CPHS_W_(C) runs over the J-CPHS en-
semble subspace arv = c0, sl pseudofermion occupancy
configurations generated by the elementary processes (C).
The indices Q.o and Q)51 remind us that the overall phase
shifts of equation (11) have a specific value for each
ground-state—excited-energy-eigenstate transition.

In turn, it follows from the form of the matrix
elements of equation (59) that the av pseudofermion
spectral function BLNT(k,w) associated with the ele-
mentary processes (A) has a non-interacting character
and reads,

N, 1
. 1 av
BLYE (| w) = (F) Z S(w—IlAE,,)
@ J—CPHS—av—(A)

X 0k 1ap,,; l==+1, i=0,1,2,.., (63)
both for the ar = 0, s1 and av # c0, sl branches.
Here the summation ZJ_CPHS_W_(A) runs over the
J-CPHS ensemble subspace av pseudofermion occupancy
configurations generated by the elementary processes (A).
For the av # c0, sl branches and densities in the domains

0 <n < 1land 0 < m < n the number of the latter

occupancy configurations is given by Dy, = (N*NNJ;[“")
and thus can be written as follows,
Dcu =
N N+2Z ,,DJrl(VI_V)Ncu’+2Lc,71/2_NcF1‘/ .
NNF ’
D., = v >0,
NT — Nl + 223?:V+1(Vl - V)ANCV’ + 2Lc,,1/2 - NSFL‘/ .
NNF ’
v>1, (64)

where the values of N, Ny, and N| are those of the corre-
sponding excited-state CPHS ensemble subspace. We re-
call that for the cv # ¢0 (and sv # s1) branches and elec-
tronic density n = 1 (and spin density m = 0) the spectral
function BLN(k,w) (and BLNFi(k,w)) of equation (63)
does not exist. ~

Finally, the form of the operator @, implies that

(GS|Fr, 0, OLE4GS) = 1 for the av # cO sl branches
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with finite occupancy in the J-CPHS ensemble subspace.
This together with the non-interacting character of
the —1/2 Yang holons and —1/2 HL spinons is behind
the form of the independent —1/2 holon (o« = ¢) and
independent —1/2 spinon (o = s) spectral function,
wh1ch reads,

i 1
Bo; _1plkw) = o= 6(w — 1Eq) 6k, 1P,

Ca
Here the coefficient C, is given in equation (24). While
all spectral functions provided in equations (63) and (65)
have a non-interacting character, the p—h, c0 and p—h, sl
pseudofermion spectral functions of equation (62) corre-
spond to a more complex problem. The latter functions
are further studied in reference [3] for the metallic phase.

The av pseudofermion energy spectrum AFE,, on
the right-hand side of equations (62) and (63) can be
expressed in terms of the bare-momentum distribution
function deviations. The energy spectra AFE,, and
AEPME appearing in the latter equations and in equa-
tion (62), respectively, and the the independent —1/2
holon (e = ¢) and independent —1/2 spinon (o = s)
energy F, of equation (65) read,

(65)

a=c, s.

+q(¥l/
AE,, = Z AN, QJ €au(%)
7;=—a2,
hE 21
AEPY = T Vow [Mav, +1 + Maw, —1];  av = 0, s1;
Eo = pa La,71/2 + 5a,chF1 + ZVNOJZ/ ;
v=2
a=c, 8 pe=20, s =240 H. (66)

The momentum spectra corresponding to such energy
spectra are given by,

+4a,
APay = > ANJNF(q5)q; + APE,
G==q%,
hE 2T
APYT = I [may,+1 - mw,_ﬂ; av = c0, sl;

APE = 4kp [A

zz]

APE 721%[ JﬁfQZJi,}; O<n<l,0<m<n;
+q(‘l/
Z ANNF (@) [(1 + v)7 — q5);
a;=—a2,
+qau
AP, = Z ANNF (gj)qj; av#c0, sl
=—a2,

P = P,=0. (67)

00
F[Lc,fl/Q +ZVNF
v=1

In these equations €., (q;) = 2vu + €2,(q;) for v > 0,
€sv(q;) = 2vpo H + €%,(q;) for v > 1, the bands €, (q;)
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for av = 0, s1 and €Y,(q;) for av # c0, sl are defined
by equations (C.15)—(C.21) of reference [9], the small en-
ergy AEgﬁF is such that mq,, +1 is the number of elemen-
tary av = c0, sl pseudofermion particle-hole processes
(C) considered above, Vo, = vayv(¢%,,), and va,(q) =
Dean(0)/0q.

As further discussed in reference [3], for densities 0 <
n <1 and 0 < m < n the elementary processes (C) lead-
ing to the spectral-function singular features include con-
tributions from small but finite values of mqa,, +1/N, as
N, — oo. For n =1 (and m = 0) the latter processes do
not exist for the 0 (and s1) branch and thus AE?" =0
and APRM = 0 (and AEPMY = 0 and APPM = 0).

Let us consider the general situation when the
J-CPHS ensemble subspace has finite occupancy for
the c0 and sl pseudofermion branches, D — 2 > 0
av # 0, s1 pseudofermion branches, independent
—1/2 holons, and independent —1/2 spinons. In this case
the functions BY¥(k, w) of equation (37) can be written as,

Ge

1 A BN
(e ez )
a=c,s j=1 J—CPHS—av;—(A)
D
T, () st (-1 ar,
I w! j—
lePa leAEm,J ZZE w)

BY(k, w) = — G"(k, w)

( 1T c)lZZ/ dw GV (k, w)]/
N, )
> Y HfLiClOY, 1GS)?
;=1
C.=C; Cy=GcCs; i=0,1,2,...; [==1, (68)
where
Ghi(k, w) =YY By (k—kiw—w)
ki wi
[T 5 5 70—t s )
kjy1 wit1
D2
X [ II Blolj,yz(kakjﬂ,ijjﬂ)]
j=D+1
[
X EBQM(’?DH,WDJ&&),

the coefficient G¢, which also appears in the quantity
C; = €741 [G /G ;] given in equation (46) and in the
operator expression of equation (57), has a unlquely de-
fined value for each CPHS ensemble subspace, 9/\/ is
the corresponding operator on the right-hand side of equa—
tion (32), the summation }_, runs over all energy eigen-
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states of the CPHS ensemble subspace, and the summa-
tion ), is over all J-CPHS ensemble subspaces of that
subspace. Moreover, the pseudofermion spectral functions
appearing in the Gl’i(k, w) expression are given in equa-
tions (62) and (63), the independent —1/2 holon and —1/2
spinon spectral functions are provided in equation (65),
apt+1 = ¢ and apya = s labels the independent —1/2
holons and independent —1/2 spinons, respectively, the
momenta ki, ko, ..., kp4+3 and energies wy, wa, ..., wp43 COI-
respond to summation variables, and the index av;, where
7 = 1,...,D, is such that av; = 0, ars = sl, and for
j =3,...,D av; refers to the D — 2 av # c0, sl pseud-
ofermion branches such that NV > 0 for the J-CPHS en-
semble subspace. To reach the second expression of equa-
tion (68) from the expression for G4 (k, w)/G¢c, we used
the non-interacting form of the spectral functions given
in equations (63) and (65) to perform D + 2 momentum
and energy summations. It follows that the general spec-
tral function B%*(k, w) of equation (37) can be written as
a convolution of the p — h, c0 and p — h, s1 pseudofermion
spectral functions alone, as given in the second expression
of equation (68). We recall that for the ¢ = 0 function
BYO(k, w) the value of the coefficient G¢ is independent
of U/t and for the dominant CPHS ensemble subspaces
considered in Section 4 corresponding to that function, it
reads G¢ =1 for all values of U/t.

For J-CPHS subspaces with no finite pseudofermion
occupancy for the av # c0, sl pseudofermion branches
and/or no independent —1/2 holon and/or independent
—1/2 spinon occupancy, the spectral function B%(k, w)
has the same general form as in equation (68), except for
the absence in the expression of G%*(k, w) of the spectral
functions corresponding to the missing branches and/or
quantum object types. Note also that the expression for
G%(k, w) and thus for B (k, w) = GY(k, w)/G¢c given
in the unnumbered equation after equation (68) is valid
for electronic density n = 1 (and spin density m = 0),
provided that for j = 3, ..., D the index av; refers to the
D —2 sv # sl (and cv # ¢0) pseudofermion branches
such that NV¥ > 0 for the J-CPHS ensemble subspace.
Moreover, for n = 1 (and m = 0) one must use c0 (and
s1) pseudofermion spectral functions specific to the corre-
sponding excitation spectrum. These functions are stud-
ied elsewhere. However, the second expression of equa-
tion (68) refers to densities in the domains 0 < n < 1 and
0 <m < n only.

The probability [{(0| Fo—cs, aw X
Fg b av F}_GS,(W|O>|2 the matrix
element (60) which appear in expression (62) have the
following general form,

amplitudes
associated with

2
|O1Fb-G5.00 Ff 100 Fl—i5,10)| =

t
‘<O|fq’Ngu+ANgu,aV T fqllaal/f(717()él/ T f‘jNgV+AN£V’O‘”|O> )

(69)
where av = ¢0, s1. In expression (69) we have considered

that the ground state corresponds to pseudofermion anni-
hilation operators and the pseudofermion operators left for
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{fgl,av7fq/2,au}
{quQ,ow7fq/2,au}
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2
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{fqmav’fq NO, +ANE, ,ow}

: (70)
T T
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av av
r, Na h
0 av P
( 1 )QWWMNQJ [H sin? (Nw(q]-) [Qav(g;) — ] +7T)]
Nz, H 2
1 1 1 2
. 1 —al . a1 —a’ q1— q’ NO ANF
sin (tn 2f1 1) sin (121 212 2) sin QQ + av
1 1 1
- 1 _ ;
Fo —al Fo—al 92 —4q 0 F
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% sin ( 5 ) sin ( 5 ) sin (;XH L R (71)
1 1 1
a0 F a1 a0 F 72\ a0 r —d o F
o (BT (e (i an, T

the excited energy eigenstate are of creation character. At
this stage, for the evaluation of N-electron spectral func-
tions, the main problem remaining is the computation of
the non-trivial probability amplitude (69), which can be
expressed by the following determinant,

see equation (70) above

for the av = ¢0, s1 branches. This result is justi-
fied by the following pseudofermion properties. First,
the pseudofermions have no residual-interaction en-
ergy terms, as discussed in references [3,20]. Second,
the canonical-momentum shift Qa.(g;)/L, which under
the ground-state—excited-energy-eigenstate transition in-
volves all av = c0, sl pseudofermions of the initial ground
state, is a zero-energy process [10]. Third, the elementary
pseudofermion processes (C) correspond to av = c0, sl
pseudoparticle particle-hole processes whose energy spec-
trum is of non-interacting character for the pseudopar-
ticles, what implies that the energy spectrum AEPRF =
[27/ L] Vaw May Of equation (66) remains linear in my,, for
small finite values of mq, /N, as N, — oo [3,20].

In spite of the non-interacting form of the determi-
nant (70), the unusual pseudofermion anticommutation
relations (14) give rise to unusual physics, in the form
of an orthogonality catastrophe. (The absence of such an
orthogonality catastrophe would require that Q. (q)/2 =
0.) Indeed, replacement of the anticommutator (14) in the
determinant (70) leads to,

see equation (71) above

for the av = 0, s1 branches, where the overall phase
shift Qau(g;)/2 is given in equation (11) and the bare-
momentum distribution function NP%(g;) is such that
NPh(q;) = NPR(g;). Here NP'(g;) is the pseudofermion
canonical-momentum distribution function given in equa-
tion (56), which includes the low-energy and small-
momentum av = c0, sl pseudofermion particle-hole pro-
cesses (C). The determinant of Eq. (71) can be rewritten

as,
>2[NO HAND] NE

1 ph ) [Qau(qj)_ﬂ-] +7
(o T o119 )

TETE oo Nalld IN2 (@)~ =747
X H H 0(i—7)sin ( > )

=1 oi=1

XﬁHQZ*] ) sin

7j=1 =1

av Naw 1
><|||| ;o av = c0, sl
ph —0/ 4 ool ’ 9 9

ol Sin2<Nw(qq,)Nau(q%-)[qz q; w]+7r)

where N %(q;) = N32(g;) is a densely packed bare-
momentum distribution function whose Fermi points are
given by q%au’il = +¢%,, + [27/L]A N0 Fil and the
corresponding canonical-momentum diStI‘lbuthH function
N;9(g;) is that of equation (56) whose Fermi points read
qFOélﬁ +1 = inau [27T/L] [A av, +1 + Qav(inau /27T]
The expressions (70)—(72) are used in reference [3] in the
derivation of finite-energy spectral-weight distributions for
the model metallic phase.

(Ngﬁ(Qj)Ngﬁ(%)[‘?j —qi — 7T]+7r>
2

(72)

6 Discussion and concluding remarks

The main result of this paper is the general spectral
function expression defined by equations (36) and (68).
The expression given in the latter equation involves the
p — h,c0 and p — h, sl pseudofermion spectral functions
provided in equation (62), whose probability amplitude
[(O|Fs—cs, av Fp—n, av F(LGS’ o |0)]? can be expressed in
terms of the determinants of equations (70)—(72). An im-
portant aspect of the pseudofermion dynamical theory
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introduced in this paper and further developed in refer-
ence [3] for the metallic phase, is the different origin of the
dynamics associated with the matrix-element overlaps of
the av = c0, s1 pseudofermion occupancy configurations
in the vicinity and away of the Fermi points.

The studies of this paper considered the 1D Hub-
bard model, which describes successfully some of the
exotic properties observed in low-dimensional materials
[1,2,17,23]. Our results also apply to related integrable
interacting problems [24] and therefore have wide appli-
cability. In reference [2] the finite-energy spectral function
expressions derived by use of the pseudofermion dynami-
cal theory introduced here are applied to the study of the
spectral-weight features observed in the quasi-1D organic
compound TTF-TCNQ. Interestingly, one finds quantita-
tive agreement with the observed spectral features for the
whole experimental energy band width. The microscopic
mechanisms found in reference [1] by use of our theory
are also consistent with the phase diagram observed in
the (TMTTF);X and (TMTSF)2X series of organic com-
pounds and explain the absence of superconducting phases
in TTF-TCNQ. Our theory is also of interest for the un-
derstanding of the spectral properties of the new quantum
systems described by ultra-cold fermionic atoms on an op-
tical lattice [7].
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